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1 uÛ�²L�.: ­½5
¤'%��¬¤�¤��n: [�½ü :�,ë...]

x “
`

xp1q, xp2q, . . . , xpdq
˘

.

�	�c²L�n«êâ

�c�Ý\:

x0 “
`

x
p1q
0 , x

p2q
0 , . . . , x

pdq
0

˘

.

8c��Ñ: x1 “
`

x
p1q
1 , x

p2q
1 , . . . , x

pdq
1

˘

q.

(��
 (½�ÑXê�
): A0 “ pa
p0q
ij q.

z)���ü � i a�¬, I�Ñ a
p0q
ij �

ü � j a�¬.
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Ý\�Ñ{
x
pjq
0 “

řd
i“1 x

piq
1 a

p0q
ij , x0 “ x1A0.

b½¤)��ÀÜ�Ü^u2)� (n�z�.).

Kk xn´1 “ xnAn´1, n ě 1. l


x0 “ x1A0 “ x2A1A0 “ xnAn´1 ¨ ¨ ¨A0.

�à�/ An ” A. x0 “ xnA
n.

Ý\�Ñ{ : xn “ x0A
´n, n ě 1.

éÜI 1966 c. â 2000ÚO, ě 80I[z 4„5

c?��°L. ·Ig 1987 cåz 5 c?� 1

°I[!�?L.
�¦ A Ø��, �61�Ý\�Ñ{
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uÛ�Ä�½n. �A��þ{

n�z�.:

�Ð�Ý\ x0 “ A ����A��þ.

d�k�ZuÐ�Ý ρpAq´1.
ÄK,��A´1­ě0,Ò7,r��ï,=�ï�

T :“ inftn : xn�,�©þď0uă888888888.

u�c¤�k��z´1�^.

Perron-Frobenius ½n: �KØ���
���

A�����!ü�, ���!mA��þ u, v

��[���(ØO~êÏf)].
A �n�A� pρpAq, u, vq. �½!
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~ (I�å����²L). ü�¬: à�!�E�

A “
1
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ˆ
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˙

ùñ

u“

ˆ

5

7

`?
2400 ` 13

˘

, 20

˙

, 44.34397483.

Kk
x0 T x0

p44, 20q 3

p44.344, 20q 8

p44.34397483, 20q 13
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¦^ A�­½5ÿÁ
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ã 1 Ð� p44.344, 20q, T “ 8.
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¦^ A�­½5ÿÁ
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ã 2 Ð� p44.34397483, 20q, T “ 13.
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C� A Ñ P ,¦^ P �­½5ÿÁ
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C� A Ñ P ,¦^ P �­½5ÿÁ
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uÛ�Ä�½n�y²J� [� 1989/9]

A“P : 0ďP, P111“111, m p1,111q P n“pp
pnq
ij q,

d? 111 �©þþ� 1 ���þ. dH{½n:

p
pnq
ij Ñ πpjq @i, π“

`

πp1q, πp2q, . . . , πpdq
˘

P n
Ñ 111π as n Ñ888. 0 ď π, π111 “ 1.

π � P �²­©Ù(��­½)!): π “ πP .

éu A, ���!mA��þé¡, �ÛÀ�?
éu P , ���!mA��þ©O� π Ú 111, g
,À�!
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uÛ�Ä�½n�y²J� [� 1989/9]

�Iyxną0 @nñx0“π. �x0ą0 �x0111“1.

K 1“x0111“xnP n111“xn111, ně1.

Dtxnkukě1& x̄: lim
kÑ888

xnk“ x̄, x̄ě0, x̄111“1.

x0“px0P
´nkqP nk“xnkP

nkÑ x̄111π“π. ˝
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'�C�(AÏ�/). Dw,u d v ©þÈ

Aw“D
´1
w

A

ρpAq
Dw, wą0 xDy, Dxy“x d y .

½n (� 1989/1992, 2022)

Aw ¤�=£VÇ P ��=� w “ v.

P ��A��þ� µ :“ u d v, 8�z�

π :“u d v{puvq.²­©Ùπ“πP “πP n.

y² Ã�� ρpAq“1. @o 1: ©þð� 1 ���þ

Aw1 “ D´1
w ADw1 “ D´1

w Aw
?
“ 1

1��äó¤á��=� Aw “ Dw1 “ w.
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2.'�C�(AÏ�/). �¬S�©a

P “ D´1
v

A

ρpAq
Dv.

 y1��äó:µP“µ.Ã�� ρpAq“1. K

µP“u d vDv´1ADv“u d v d v
´1ADv

“uADv“uDv“u d v“µ.

A �n�A� pρpAq, u, vq

P �n�A� p1, u d v, 1q.
u d v kÚ�þj(ý¢d�
�d�).
π Ãþj. ¦^ π ü�¬�?S¿��¬©a
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2017!2012 cÝ 42 ��¬Ú 2007 cÝ 41 ��¬� µ ã2017!2012 cÝ 42 ��¬Ú 2007 cÝ 41 ��¬� µ ã2017!2012 cÝ 42 ��¬Ú 2007 cÝ 41 ��¬� µ ã

�¬SÒ�¬SÒ�¬SÒ
�7{ (BNU) ²L`z#nØ 2025 c 3 � 1 F 16 / 37



2017!2012 cÝ 42 ��¬Ú 2007 cÝ 41 ��¬� µ ã2017!2012 cÝ 42 ��¬Ú 2007 cÝ 41 ��¬� µ ã2017!2012 cÝ 42 ��¬Ú 2007 cÝ 41 ��¬� µ ã
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¦^ π é�¬©a
c¡®¦^ µ é�¬üS, ù�,ù�¦^ π
´���. d?`²: ¦^ π kÏu�¬©«.
π“pπkq � P ���²­©Ù π“πP n, ně1.
éz� k, πk �x
1 k ��¬é²LXÚ A
­½5��z. ò π �©þd���­ü�
p1, p2, ¨ ¨ ¨ , p42. dd�Ñ F pnq:c n ��\
È(VÇ)©Ù¼ê[5¿n^­�é�C]:
F p0q “ 0, F pnq “

řn
j“1 pj, F p42q “ 1.

g,, ��ã��e�ď0.05 ½��
��¬�
À�f³ö;
mþ�� 6��¬��Þ�¬.{ö
�¥m�¬.XÓcüL��, 2007c¤"� 24Ò
�¬I¦^,«�Ö.
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2007!2012!2017ncÝ 42��¬ P �π �\È©Ù¼êã2007!2012!2017ncÝ 42��¬ P �π �\È©Ù¼êã2007!2012!2017ncÝ 42��¬ P �π �\È©Ù¼êã

π �©þl���üS��SÒπ �©þl���üS��SÒπ �©þl���üS��SÒ
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2007!2012!2017ncÝ 42��¬ P �π �\È©Ù¼êÛÜã2007!2012!2017ncÝ 42��¬ P �π �\È©Ù¼êÛÜã2007!2012!2017ncÝ 42��¬ P �π �\È©Ù¼êÛÜã
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3.'�C�(���/):?¿��w.Dw

Ã

ρpÃq
“ D´1

w

A

ρpAq
Dw, w ą 0.

ñ

ˆ

Ã

ρpÃq

˙n

“D´1
w

ˆ

A

ρpAq

˙n

Dw, ně1.

A Ñ Aα, α ă 1. (��#�.)(��#�.)(��#�.)

Ãα

ρpÃαq
“ D´1

w

Aα

ρpAαq
Dw, w ą 0.

�7{ (BNU) ²L`z#nØ 2025 c 3 � 1 F 20 / 37



3.'�C�(���/)
=�½n/���n. �½ α ă 1

?¿�½��þ w,½Â ÃαXþ.@o'u Ãα

�S�) tx̃nuně0: x̃0 “ x̃nÃ
n
α �'u Aα �

S�) txnuně0: x0“xnA
n
α �ÏLð�ª

ρpÃαq
nx̃n “ ρpAαq

nxn d w, n ě 0.

�p=�. AO/, éuz�� n Ú k, x̃n �1

k �©þ���(�A/, K)��=� xn Xd.

�Ó­½5: �ï/�$��mÚ�¬Ñ�Ó.
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y² Ñ�eI α Ø�. � txnuně0 ÷v
x0“xnA

n, ně0. Kü>m¦ Dw �Ñ

x0Dw“xnA
nDw 8I´¦ tx̃nu ÷v x̃0“ x̃nÃ

n

“

ˆ

ρpAqnxnDw

˙

D´1
w

ˆ

A

ρpAq

˙n

Dw

“
`

ρpAqnxnDw

˘

ˆ

Ã

ρpÃq

˙n

“

„ˆ

ρpAq

ρpÃq

˙n

xnDw



Ãn, n ě 0.

ùñ x̃0 “ x̃nÃ
n n ě 0.
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du
xnDw “ xn d w,

ùL²

x̃n :“

ˆ

ρpAq

ρpÃq

˙n

xn d w, n ě 0

´S��§ x̃0 “ x̃nÃ
n �). �Ñ�dL«:

ρpÃqnx̃n “ ρpAq
nxn d w, n ě 0.

��, Ï� ρpAq, ρpÃq Ú w þ��, ½n"�
äów,. ��g�. AÑAα, αPp0, 1q �é.
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òþã½nA^u'�C� A Ñ P , 3%

ρpP q “ 1, ·��ÑXe(J.

íØ.
'uP �S�) tµnuně0: µ0 “ µnP

n �'

u A �S�) txnuně0: x0 “ xnA
n �ÏL

ð�ª

µn “ ρpAq
nxn d v, n ě 0

�p=�. AO/, éuz�� n Ú k, µn �1

k �©þ���(�A/, K)��=� xn Xd.
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4 ��¤����/ (uP�Î�Y)
�ÑXê�
: A “ paijq

d
i,j“1, �K!Ø�

�!�_. x: ¤'%��¬�¤��n

Ã�¤n��.. 1 n Ú�Ñ

xn“x0A
´n, ně1. x0 : Ý\.

��¤¢^�..�¤'~αPp0, 1q.

xn “ x0B
n, n ě 1, B Ãn�A�!B Ãn�A�!B Ãn�A�!

B “ p1 ´ αqA´1
` αI. B ��K!B ��K!B ��K!

�Ý ρpBq“ 1
ρpAq

`α
´

1´ 1
ρpAq

¯

ď
1

ρpAq
. X ρpAqă1
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5 ��¤����/ (uP�#�Y)

(Î)��¤¢^�..�¤'~αPp0, 1q.

xn “ x0B
n, n ě 1, B Ãn�A�!B Ãn�A�!B Ãn�A�!

B “ p1 ´ αqA´1
` αI. B ��K!B ��K!B ��K!

#�.. � γ P p0, 1q, ¡��¤'~. ·

xn “ xn`1A ` γpxn`1 ´ xnq, n ě 0,

xn“xn`1Aγ, Aγ“
A ` γI

1 ` γ
, �KØ�©�

ρpAγq “ pρpAq ` γq{p1 ` γq.
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6. uP#�Y�?���#. #�.
Ï~ ρpAq ă 1, u#�.�O��Ý�

δ :“
1

ρpAγq
´ 1“

1´ρpAq

ρpAq`γ

§

§

đ

1´ρpAq

1`ρpAq
ą0, � γ Ò1.

�ρpAq“2{3�,m�4��3{5, ��O� 60%

��=� γ Ò 888 �, m��4�â�". �?�

γÑ�¤�ê γα“α{p1´αq,�¤ëê αPp0, 1q.

#�.: xn“xn`1Aα, Aα“p1´αqA`αI.

ρpAαq“p1 ´ αqρpAq ` α. ØCþ u Ú v

tAα : α P p0, 1qu k�Ó��mA��þ u, v.
γαď1ðñδěp1´ρpAqq{p1`ρpAqq.¢^γαą1
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7. ê¼ó!éóó9ÙØCþ
£�'uÝ
 A �'�C�

Ã

ρ
`

Ã
˘ “ D´1

w

A

ρpAq
Dw, w ą 0. (*)

Ã �=£VÇÝ
 P (g,k ρpÃq “ 1) ��
=� w � A ���mA��þ v. ·��~�
�¡ P �ê¼ó. �Au P �n�A�(��
A��9Ù�!mA��þ)� (1, u d v, 1).

òþã(JA^u A �=� A˚ (ÙmA�
�þ� u˚), KdC� (*)

D´1
w

A˚

ρpAq
Dw, w ą 0
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ê¼ó!éóó9ÙØCþ
�Ñ,�=£VÇÝ
��=� w “ u˚. �ö
�n�A�� p1, u˚dv˚, 1q (�,, u˚d v˚“udv).

��Kþª¥� ˚, �I�=�, �Ñ

Qw :“ Dw

A

ρpAq
D´1
w .

d�, Qw ��Úð� 1 ��=� w “ u. ¡
Qu �éó=£VÇÝ
½éóê¼ó({¡é
óó). Ùn�A�¤� p1, 1˚, u d vq.

3ïÄ²L(�Ý
�ØCþ�c, kES
�e�{ü�ØCþ: �±Ç π, §Ñ�
£ã
�����Ä�ëê—– �» r, ��

π “ ��±�{p2 rq “ ��¡È{r2.
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ê¼ó!éóó9ÙØCþ
c¡®ùL,éu·����¤�.tAα: αPr0, 1qu,
Ñ��xuÐ�Ý�Ì�» ρpAαq, d�
xP
kü�ØCþ: =n�A�¥kü� u, v ¤�
ØCþ(´�þ, �� α Ã').
y3�½ P ,�ÄC� (*)�_C�,éu�

� w,�½Â'u PPP �_C�
Aw :“ DwPD

´1
w

�� P ��qC�,·�k ρpAwq “ 1. dd´
y w � Aw ���mA��þ. Ïd,�ìC�
(*),d Aw ¤�Ñ�=£VÇ�
Ò´ P . ù`
² P ´�
x

AAAP :“ tAw “ DwPD
´1
w : w ą 0u

�k�ØCþ (ØC�
,´�

Ø2´�þ).
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8. �¬N��²L(��`z

£Á·�é�L�.C�Lüg`z: �´±�
¯uÐ�Ý�8I, ,�´l[Ø�$�8I.
u¼Ä�½nw�·�: üö����`)Ñ´
A ����A��þ u. ùJ«·�ÀJ#��
n ũ ���¬N��8I. �E± ũ �Ù��
�A��þ�#(��
 Ã. ¯¢þ§̄ K�'
ù
E,�õ. ~X·��Ä¹ 100 ��¬�X
Ú, KI(½#�
� 104 ���, ��½�#
²ï)=k 100 �êâ, �e� 9900 �êâ
�=p�é? �WÖ#Ý
 Ã j"�&E, ·
��±�¦#��¤Ý
 Ã ¦�U/�Cu�
5��¤Ý
 A, ÄK3¢�¥�7�1.
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²L(��`z
·�Ãþ=k A 9Ù u Ú8I²ï) ũ. �·
�k��(½�éóó

Qu :“ Du

A

ρpAq
D´1
u .

§� A{ρpAq ´ 1-1 éA�:
A

ρpAq
“ D´1

u QuDu.

ò A �¤�¦� Ã, ·�Ó��±/ªþ�Ñ
�þã�ü��§��²1��§:

Qũ :“ Dũ

Ã

ρpÃq
D´1
ũ ,

Ã

ρpÃq
“ D´1

ũ QũDũ.
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9. ²L(��`z

�¦ Ã ¦�U/�Cu A, nA�¦üö�Ø
Cþ¦�U�C. �{ü�{´: Qũ “ Qu. l
Qũ Ú Qu Ñu, Uìc¡��{, �½Âü�
©O± Qũ Ú Qu �ØCþ��
x

AAAQu “

"

A :
A

ρpAq
“ DwQuD

´1
w , w ą 0

*

,

AAAQũ “

"

Ã :
Ã

ρpÃq
“ DwQũD

´1
w , w ą 0

*

.

� Qũ “ Qu �, AAAQũ “ AAAQu. �ó�, d�·

��lþã�§|)Ñ=k���þ Ã
L

ρpÃq;
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²L(��`z)

Ã

ρpÃq
“ D´1

ũ QũDũ (k3 AAA Qũ ¥� w“ ũ)

“ D´1
ũ QuDũ (· Qũ “ ®��Qu)

“ D´1
ũ Du

A

ρpAq
D´1
u Dũ (��Qu�wªL«)

“ Dũ´1du

A

ρpAq
Du´1dũ (z{®´wª�m�)

“D´1
ũdu´1

A

ρpAq
Dũdu´1,�í2� tAα, αPr0, 1qu

Ïw“ũ d u´1ą0, d���n, Ã„(��u)A, A„PñÃ„P .
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http://math0.bnu.edu.cn/˜chenmf
http://rims.jsnu.edu.cn/f7/48/c16902a390984/page.htm
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