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1. Symmetrizable/Hermitizable matrix

Real symmetric matrices. E: countable.
Real A =(a;;) is symmetrizable if

(k> 0) s.t. pia; = pjag;.
A: symmetric/selfadjoint on L?(p). pu?
Diag(p1)A = A'Diag(p)

<Diag(p) A Diag(p) ™' = A"
=Diag ()" *ADiag(pe)
symmetrizing —Diag( )_1/2A*Diag(p,)1/2

S(ﬁ [‘iﬁ’]f@l@%ﬂ%% : TEE% BZE 5. 2




Criterion and representation. a;; >0, t# j

Path: 19 —>11— - —1y,, a;,4, ,>0
Qipiy Qipiq
i =i, |4, 70, —— >0
a’il’io a’iliO
Qigi;  Aigiy Q3o
10 ) — l’l’il— — I’L?:Q
Qirig  Qiyiy Qiyiq
Qigiy Aiyig @iy yin iy (*>
Qi 9 Aigig Qi1 Hig

1= 10: Kolmogorov (1936) circle theorem.
pi,= 1, path-indep, field theory, smallest
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Symmetrizable—Hermitizable la;; 4
A = (a;;) is Hermitizable [RIJEK] if
I(pr>0) s.t. pia;; = pjaj;.

A: symmetric/selfadjoint on complex L?( )

Diag(u)A = A" Diag(p) AH:=(A)

< Diag(p) A Diag(p) ™t = A#

< Diag(p)Y?ADiag(p) Y2 Hermitizing
— Diag(p) "> A" Diag(p)"/?.

[EXREERIEIRFIFE IR — FIERME
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Criterion for Hermitizability

a;; >0, 1 7. AN. Kolmogorov (1936),
... ZT. Hou & C. (1979).
Theorem (C. (2018))
Complex A = (a;;) is Hermitizable iff
two conditions hold simultaneously.
o For each pair ¢, 7, either a;;&a;; =0
or a;;ja;;>0 <(:> az-j/c_tjz- > 0).
o The circle condition holds for each
smallest closed path without round-trip




Tridiagonal /Birth-death matrix
T~ (ak, —Ck, bk), E = {k: €ely: 0<k <N—|—1}

.. by
\ 0 ay —cy )

(ag), (br), (cx): complex sequences.
D: ar>0, bp.>0, cp=ait+ by, cn=>ay.

2019 4 10 H 12 H 10 / 45



Tridiagonal matrix: T' ~ (ag, —Ck, b)

The tridiagonal T is Hermitizable iff the

following two conditions hold

simultaneously.
o The diagonals (c;) are real.
o Either a; . 1&b;=0 or a;.1b; >0
47 (< bi/a;11>0).
Then br—1

o =1, pr = pp—1——-.
ay
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o O /Re kX iFgE
KENI MAERKEFU GUOCHENG
VEH (REBERERAFE)

PRAE EHEE SIRHE W&
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From Markov Chains to Nonequilibruim

Particle Systems,

World Sci. (19921st, 20042nd).
Chapter 7: finite prod space. With Hou.
Chapter 11: oo prod space, equilibruim.
§14.3: o0 prod space, nonequilibruim.

With Shi-Jian Yan et al. {—1, l}Z‘,i Z_,.Zd

o0 many closed path. Single condition.
Allow a family of p [phase transition].

WA (BNU)



Theorem /Algorithm

Given Hermitizable T'~(ag, —cg, by)
with ¢ > \ak,\ + ‘bk| (or Cr = ck+m)
Then 3 an explicit birth—death matrix
Q (a,k, —Cles bk) such that 71" is

isospectral to Q

In general, we have ¢y > an. We
assume that ¢y > apn in what follows.
The case ¢y = a, was also treated in

the published paper (2018, 2019).
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EXp“Cit ug:=arbr_1>0 & ¢, =: ¢
Uk

br=ci.— "
k-1

Cr—1—

Cr—2—

b =cr—uk/br_1, bo = ¢ C1— —

ELkZCk—bk, k<N; ELNZ’U,N/bN_l.

WA (BNU) in 2019 4 10 A 12 H



Theorem
Every irreducible Hermitizable tridiagonal

matrix 7" on complex L?( 1) isisospectral
to a birth—death [BD]| @Q-matrix @ on real

L?(f1): i = |h|?w, Th = 0on [0, N).
Explicit h b,
ho=1, h,=h, 1——, 1<n<N.
n—1

O—=Diag(h) T Diag(h).

General solution, not solvable!
Particular one. Four years

A (BNU)



Mathematical methods

oh-transform [C. & Xu Zhang, 2014]:

L =A+V - L=A+b"V

Lh=0,

L on L?(dx) is isospectral to L on

L2(fi) = L*(h|2dz).

&

Criteria for discrete spectrum (one dim)

eFeynman-Kac semigroup: real

L=A+V

T,f () w{exp[ f V(w, ds]f(wt>}




Remove “tridiagonal” condition

Hermitizable<= Diag(,u)1/2ADiag(/J,)_1/2

is Hermitian
Hermite — tridiagonal, real, symmetric

— BD (by our result) [Blocks]
Householder transformation
Top 10 in 20th century|C.G.J. Jacobi, 1846
Results from BD — Hermitizable. {173 years
Hermite—Hermitizable: ¥15]—3E33514 . BD.
BlaR Rt R BHERUNFE.

Hermltlan—>Non Hermitian, 22.9- symmetry
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Quantum mechanics

Two characters of quantum mechanics:
complex operator (wave) and

real spectrum (observation)
Schrodinger eq.: thy(t) = (A+ V) (i)
Y (t, x) wave function. h: Planck const.

2019 4 10 H 12 H



Quantum mechanics

Stationary Schrodinger eq.: (A+V )1 =0
Harmonic function h = ).
Global coordinate L?(|h|*dx). Math

(A+V)p=FE,,¢p, E,,: eigenvalue
New harmonic function h,, = 1,,.
Local coordinate: L?(|h,,|?dx). Physics

E,.,: unknown!
Einstein: “God does not play dice.”

WA (BNU)



Complex stochastic processes

o SLE theory. One-dim complex BM, Lévy.
“Conformally invariant processes in
the plane”. G.F. Lawler 0

o Dirichlet form theory. M. Fukushima
and M. Okada'®”. “On Dirichlet forms for

plurisubharmonic functions”. 5 papers

o Probability amplitude theory.
“Complex Markov chains”. V.P. Maslov 70
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|e¥nzx||=|xz|. v:=v/v(0). IRATH
51&\5&' 0. 7

0.5 1.0

Lot
v12 and g are/Coincided




2. Computing the maximal eigenpair. Trid

E={keZ;:0<k<N+1}.

~3 2 O\
1 -3 2
Q = 1 -3 2 ,

L0 1 3y
Ao+3= 2\fcosN+2

j1e FE.

go(J) 2 Uy Sm(

j+i)m
N+2




Shifted Inverse Algorithm

Given initial (v, z9) ~ (g0, Ao(—Q)),
suppose for k=1, we have (vg_1, 2x_1).
Let wy, solve the equation

( — Q — zk_lI)wk = VE—1-
Next, let v, = wy/|wl, 2k = 65 °

Then (’Uk, Zk> — (go, )\0(—@)), k — o0,




Isospectral matrix having conservative rows

E={keZ;:0<k<N +1}.
(-3 2 0

2-1
222 _3 231
N 221 5 221 .
_ 23_9 24 1
Q_ 23_1 _3 9

. N+1
\ 0 —Zmli 3)
Aot 3=2+/2 2 cos 75~2.82843, N>2562.
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The initial vector for é decays very fast

25x10-118}
2.x107118} The value on [500, 2000
1.5x10-18}
1.x10-118
5.x10-19}
800 1000 1200 1400 1600 1800 2000
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The initial vector for é decays very fast
0.7

0.6;

ol The value on [0, 12]

04

03

02

01}
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The initial vector for é decays very fast

2.x107304 |

15x107304 |

1.x107304 |

5.x107305

The value on [2010, 2050]
maximum /minimum ~103%
Mathematica IV <81

2020 2030 2040 2050
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Q>™: symmetrization of Q

[ -3 V2 0
V2 =3 V2

stm: \/5 -3 \/5 ’
\ 0 V2 -3
For the symmetrized matrix, sum of each
row # 0, loss of martial arts. |sospectral

transform = non- -symmetry. Unsolvable
circulation. 4bFiEiE. FEWE daihiEs

Maximal eigenpair 2019 4 10 H 12 H




20

151

05

0.0}

800 1000 1200 1400 1600 1800

w'® on [500, 2000]
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2000




100} 1 e

095 095

090¢ 090F

085 085 _l
2 4 6 8 n 12 el B

w®on[0,12]  w®on[2550,2562]
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For our new algorithm,
maximum /minimum = /2 << 103%.

N+1

()

L)

J6)

JEY

102

171573

172686

172934

172941

5x102

171573

171628

171618

103

171573

171584

171587

5x103

171573

171573

(1.597s)

104

171573

171573

(6.578s)

1.5x104

171573

171573

(29.16s)

A (BNU)
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|C.& Y.S. Lil Tridiagonal Q

2016 | h-transformation (2014)

iti 2018 [~ .. ic esti
Hermitizable Q. Initial (v©, 2(©) | 2016 Basic esti

T, A | 201 (2010)
2016 N
~ Iterati ti
Coupling of Q22| "o ey, %= ¢
&Q™(1991) 8 k) (2010)
/ﬁs 20161 1Default %
L.H. Thomas shift z(*) = 2017 _|2(®) = §.1

algo (1949) v®*(—Q)v®) (2010)

2019 4 10 A 12 H
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3. Improved global algorithm(2017)

Single death Q = (gi;)1" ijo1s LY.S. Li

( ~r 2 2 0 2 1
32 33 34 N N
2 Or % 2 %

3 32 33 N-1 N-1
2 7 Y

Q= 3 32 3N-2 3N-2
() 2 _ T 1
2 2

\ S

3 3

Not co-zero! A= (agj):= (—Q)~*

WA (BNU)



General positive matrix

Example [Yu-Hui Zhang].
2kr1 1
A=(akj) NNy Brg=——r— * Ljjny-

Using Mathematica (version 11.3),
Maximal eigenvector is computable iff

N < 39.
Without term 1<k, Mathematica is

available iff W <11. MatLab: IN <45.




Computational technique. a;; >0, ¢ +#j
A:irreducible

= Q1=0.

o Invariant/Harmonic meas
Q := A—DiagMatrix| A1]

Solve n@Q = 0, puo = 1.
o Quasi-symmetrizing:

unique

A := Diag(p"/?) ADiag(p /2.

o A symmetrizable w.r. g iff A symmetric:

A "— A =07 Diagonals, summing




Quasi-symmetrization.

Quasi-symmetrizing:

A:= Diag(p"/?) ADiag(p/?).

Example (Continued)

26107 — 1
2]

without 1i; gy symm wrt py = 27k,

with 1¢;<p1:g-symmwrt last pg, N< 523

A= (ak;): ar;= 1<k

new g-symm f1z=(2 ><102/39)_.k

A (BNU) aximal eigenpair 2019 4 10 A 12 H



Results of quasi-symmetrization

i = (2 x 102/39) 7%, 1700 » 39
N | 523 | 800 | 1000 | 1500 | 1700 |

8.96625
8.99793

8.97632
8.99911

8.98126
8.99943

8.98993
8.99975

8.99111
8.9998

8.99734
8.99746

8.99885
8.99891

8.99926
8.9993

8.99967
8.99969

8.99974
8.99976

8.99744
8.99744

8.9989
8.9989

8.9993
8.9993

8.99969
8.99969

8.99976
8.99976

Here z(¥) denotes the output of Step k of the

lower /upper estimates of p(A).

WA (BNU)
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Q ~ (2, -3, 1), cny=2. N =2043
0,030}
o.ozs%
o.ozoé
o.o15§

0.010f

0.005
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QQ: single death. N = 1700

0.035 |

0.030 -

0.025 -

0.020 |

0.015

0.010

0.005 |
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Biﬁﬂfﬂ']iﬁ A = (Cl,ij), Cl,ij € (0, 10)
SERAEBEICAEN, MatLab.
o N = 5000. 7 /NBF, 2,326 1, 15
11 # /4. —21& K. Tta.
o N = 1000. 2 /B, 36,448 1>, F
02 # /1. — 1A K. ki




A=(-Q)'>0

Lemma

Let Q: a Q-matrix (Q1 < 0) on a
countable E, derived by { P;}¢~o. Then,
(—Q) ' 3 & = 0 (pointwise, may be
00). If moreover, @ is irreducible and

{ P;}4~¢istransient, then (—Q) (0, o).

Proof As an increasing limit of |weak

(M - Q) '=( e MP,dt, AlO.
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BRI ATEOMT, A SEFREREL.

o TR Z B SEPR_E T AN AT e Y 9574

o FEFERHLINNE, FEE,

FTANME. 1R3EM, =" TAERE.
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http://math0.bnu.edu.cn/"chenmf

The end!
Thank you, everybody!
KK

45
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