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1978–1992 (15 years):VÇ+ÚOÔn.
aL§��A*ÑL§
From Markov Chains to... (1992, 2004)

1988– (30 years):888�êÆóäÑ�C
ØÌnØ,AÛ,NÚ©Û...Ä:êÆ

Eigenvalues, Inequalities, and Ergodic Theory
2015– (4 years): O�êÆ �C!²L`z

1972–1978: `À{. $ÊÆ
1988–1991: ²L�`z. A^êÆ
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Ì�: http://math0.bnu.edu.cn/˜chenmf

o�åÆ©µî¬è!�(% 90Æ�

û�Í!
�+ 80 Æ� (� 48 �)

=©;Í98.
oò�©8 (1993–): vol 1 – vol 4
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5gO��]Ô: pzn, vnq. 7 �E�
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vn Ñ gmax,
Repznq Ñ maxj Repλjq.
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1. Symmetrizable/Hermitizable matrix
Real symmetric matrices. E: countable.
Real A“paijq is symmetrizable if
Dpµką0q s.t. µiaij “ µjaji. co-zero
A: symmetric/selfadjoint on L2pµq. µ ?
DiagpµqA “ A˚Diagpµq

ôDiagpµqADiagpµq´1
“ A˚

ôDiagpµq1{2ADiagpµq´1{2

symmetrizing “Diagpµq´1{2A˚Diagpµq1{2

é¡
�nØÚ�{ Ñ ��¡

�7{ (BNU) Maximal eigenpair 2019 c 10 � 12 F 6 / 45



Criterion and representation. aijě0, i‰j
Path: i0Ñ i1Ñ¨ ¨ ¨Ñ in, aikik`1

ą0

µi0
ai0i1
ai1i0

“µi1 aikik`1
‰0,

ai0i1
ai1i0

ą0

µi0
ai0i1
ai1i0

¨
ai1i2
ai2i1

“ µi1
ai1i2
ai2i1

“ µi2

ai0i1
ai1i0

ai1i2
ai2i1

¨ ¨ ¨
ain´1in

ainin´1

“
µin
µi0

p‹q

in“ i0: Kolmogorov (1936) circle theorem.
µi0“1, path-indep, field theory, smallest
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SymmetrizableÑHermitizable [aii ¢]
A “ paijq is Hermitizable [���] if
Dpµką0q s.t. µiaij “ µjāji. co-zero
A: symmetric/selfadjoint on complexL2pµq

DiagpµqA “ AHDiagpµq AH:“pĀq˚

ôDiagpµqADiagpµq´1
“ AH

ôDiagpµq1{2ADiagpµq´1{2 Hermitizing

“ Diagpµq´1{2AHDiagpµq1{2.

��
�nØÚ�{ Ñ ���
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Criterion for Hermitizability

aijě0, i‰j. A.N. Kolmogorov (1936),
..., Z.T. Hou & C. (1979).

Theorem (C. (2018))

Complex A “ paijq is Hermitizable iff
two conditions hold simultaneously.

For each pair i, j, either aij&aji“0
or aijajią0 pô aij{ājią0q.
The circle condition holds for each
smallest closed path without round-trip.
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Tridiagonal/Birth-death matrix

T„pak,´ck, bkq, E“tkPZ`Z`Z` : 0ďkăN`1u

T
Q
“

¨

˚

˚

˚

˚

˝

´c0 b0 0
a1 ´c1 b1

a2 ´c2 b2
. . . . . . bN´1

0 aN ´cN

˛

‹

‹

‹

‹

‚

,

pakq, pbkq, pckq: complex sequences.
BD: aką0, bką0, ck“ak̀ bk, cNěaN .
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Tridiagonal matrix: T „ pak,´ck, bkq

Theorem

The tridiagonal T is Hermitizable iff the
following two conditions hold
simultaneously.

The diagonals pckq are real.
Either ai`1&bi“0 or ai`1bią0

©¬ pôbi{āi`1ą0q.

Then µ0 “ 1, µk “ µk´1

bk´1

āk
.
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From Markov Chains to Nonequilibruim
Particle Systems,
World Sci. (19921st, 20042nd).

Chapter 7: finite prod space. With Hou.
Chapter 11: 888 prod space, equilibruim.
§14.3: 888 prod space, nonequilibruim.

With Shi-Jian Yan et al. t´1, 1uZ
dZdZd, Z`Z`Z`Z

dZdZd

888 many closed path. Single condition.
Allow a family of µ [phase transition].
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Theorem/Algorithm

Given Hermitizable T„pak,´ck, bkq
with ckě|ak|`|bk| por c̃k“ck`mq
Then D an explicit birth–death matrix
rQ„

`

ãk,´c̃k, b̃k
˘

such that T is

isospectral to rQ.

In general, we have c̃N ě ãN . We
assume that c̃N ą ãN in what follows.
The case c̃N “ ãN was also treated in
the published paper (2018, 2019).
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Explicit uk :“akbk´1ą0 & ck“: c̃k

b̃k“ck´
uk

ck´1´
uk´1

ck´2´
uk´2

. . . c2´
u2

c1´
u1

c0

ãk“ck´b̃k, kăN ; ãN “uN
L

b̃N´1.

b̃k“ck´uk
L

b̃k´1, b̃0 “ c0
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Theorem

Every irreducible Hermitizable tridiagonal
matrix T on complexL2pµq is isospectral

to a birth–death [BD]Q-matrix rQ on real
L2pµ̃q: µ̃ “ |h|2µ, Th “ 0 on r0, Nq.
Explicit h
h0“1, hn“hn´1

b̃n´1

bn´1

, 1ďnďN.

rQ“Diagphq´1T Diagphq.

General solution, not solvable!
Particular one. Four years
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Mathematical methods

‚h-transform [C. & Xu Zhang, 2014]:

L “∆`V Ñ rL“∆`b̃h∇, Lh“0,
L on L2pdxq is isospectral to rL on

L2pµ̃q :“ L2p|h|2dxq. �O�
Criteria for discrete spectrum (one dim)
‚Feynman-Kac semigroup: real L“∆`V

Ttfpxq“Ex
"

exp

„
ż t

0

V pwsqds



fpwtq

*

.
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Remove “tridiagonal” condition

HermitizableôDiagpµq1{2ADiagpµq´1{2

is Hermitian
Hermite

U
Ñ tridiagonal, real, symmetric
Ñ BD (by our result) [Blocks]

Householder transformation
Top 10 in 20th century C.G.J. Jacobi, 1846
Results from BDÑHermitizable. 173 years

HermiteÑHermitizable: þ!Ñ�þ!0�. BD.

gT�nØªkÙ�*��3.
HermitianÑNon-Hermitian, PTPTPT-symmetry
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Quantum mechanics

Two characters of quantum mechanics:
complex operator (wave) and

real spectrum (observation)

Schrödinger eq.µi~
‚

ψptq“p∆`V qψptq
ψpt, xq wave function. ~: Planck const.
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Quantum mechanics
Stationary Schrödinger eq.: p∆ V̀ qψ“0

Harmonic function h “ ψ.
Global coordinate L2p|h|2dxq. Math

p∆`Vqψ“Emψ, Em: eigenvalue
New harmonic function hm “ ψm.

Local coordinate: L2p|hm|
2dxq. Physics

Em: unknown!
Einstein: “God does not play dice.”
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Complex stochastic processes

SLE theory. One-dim complex BM, Lévy.
“Conformally invariant processes in
the plane”. G.F. Lawler

105

Dirichlet form theory. M. Fukushima
and M. Okada

187. “On Dirichlet forms for
plurisubharmonic functions”. 5 papers

Probability amplitude theory.
“Complex Markov chains”. V.P. Maslov

170
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}eiθnx}”}x}. ṽ :“v{vp0q. ��C�

ÈÅ!
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ṽ9: red. ṽ10, ṽ11, ṽ12 and g̃ are coincided
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2. Computing the maximal eigenpair. Trid

E “ tk P Z`Z`Z` : 0 ď k ă N ` 1u.

Q “

¨

˚

˚

˚

˚

˝

´3 2 0
1 ´3 2

1 ´3 2
. . . . . . . . .

0 1 ´3

˛

‹

‹

‹

‹

‚

,

λ0`3“2
?

2 cos 2π
N`2

g0pjq“2´pj`1q{2 sin pj`1qπ
N`2

, j PE.
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Shifted Inverse Algorithm

Given initial pv0, z0q « pg0, λ0p´Qqq,
suppose for kě1, we have pvk´1, zk´1q.
Let wk solve the equation

`

´Q ´ zk´1I
˘

wk “ vk´1.

Next, let vk “ wk{}wk}, zk “ δk
´1

Then pvk, zkqÑ
`

g0, λ0p´Qq
˘

, kÑ888.
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Isospectral matrix having conservative rows
E “ tk P Z`Z`Z` : 0 ď k ă N ` 1u.

rQ“

¨

˚

˚

˚

˚

˚

˚

˝

´3 22´1
2´1

0
22´2
22´1

´3 23´1
22´1

23´2
23´1

´3 24´1
23´1

. . . . . . . . .

0 2N`1´2
2N`1´1

´3

˛

‹

‹

‹

‹

‹

‹

‚

,

λ0̀ 3“2
?

2 cos 2π
N`2

«2.82843, Ně2562.
�7{ (BNU) Maximal eigenpair 2019 c 10 � 12 F 26 / 45



The initial vector for rQ decays very fast

800 1000 1200 1400 1600 1800 2000

5.×10-119

1.×10-118

1.5×10-118

2.×10-118

2.5×10-118
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2.×10-118

2.5×10-118

The value on r500, 2000s
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The initial vector for rQ decays very fast 0.70.70.7Ó
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The value on r0, 12s
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The initial vector for rQ decays very fast 0.70.70.7Ó

2020 2030 2040 2050

5.×10-305

1.×10-304

1.5×10-304

2.×10-304

2020 2030 2040 2050

5.×10-305

1.×10-304

1.5×10-304

2.×10-304

2020 2030 2040 2050

5.×10-305

1.×10-304

1.5×10-304

2.×10-304

The value on r2010, 2050s
maximum/minimum«10306

Mathematica N ď81
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QSym: symmetrization of rQ

QSym
“

¨

˚

˚

˚

˚

˚

˝

´3
?

2 0
?

2 ´3
?

2
?

2 ´3
?

2
. . . . . . . . .

0
?

2 ´3

˛

‹

‹

‹

‹

‹

‚

,

For the symmetrized matrix, sum of each
row‰0, loss of martial arts. Isospectral
transform ñ non-symmetry. Unsolvable
circulation. ?uý¸. Ûg©�, ý/½)

�7{ (BNU) Maximal eigenpair 2019 c 10 � 12 F 30 / 45



800 1000 1200 1400 1600 1800 2000

0.0

0.5

1.5

2.0

800 1000 1200 1400 1600 1800 2000

0.0

0.5

1.5

2.0

800 1000 1200 1400 1600 1800 2000

0.0

0.5

1.5

2.0

wp0q on r500, 2000s

�7{ (BNU) Maximal eigenpair 2019 c 10 � 12 F 31 / 45



2 4 6 8 10 12

0.85

0.90

0.95

1.00

2 4 6 8 10 12

0.85

0.90

0.95

1.00

2 4 6 8 10 12

0.85

0.90

0.95

1.00

2552 2554 2556 2558 2560 2562

0.85

0.90

0.95

1.00

2552 2554 2556 2558 2560 2562

0.85

0.90

0.95

1.00

2552 2554 2556 2558 2560 2562

0.85

0.90

0.95

1.00

wp0q on r0, 12s wp0q on r2550, 2562s
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For our new algorithm,
maximum/minimum “

?
2 ăă 10306.

N`1 zp0q zp1q zp2q zp3q

102 .171573 .172686 .172934 .172941

5̂ 102 .171573 .171628 .171618

103 .171573 .171584 .171587

5̂ 103 .171573 .171573 p1.597sq

104 .171573 .171573 p6.578sq

1.5̂ 104 .171573 .171573 p29.16sq
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C.& Y.S. Li Tridiagonal Q

2016 h-transformation p2014q
��

Hermitizable
T,A 2014

2018 //
rQ. Initial pvp0q, zp0qq

2016 ��

Basic esti
p2010q

2016oo

Coupling of rQ
&Qsymp1991q

2018 //
Iterative equation

`

´Q sym´zpk´1qI
˘

ˆ

wpkq“vpk´1q

2016

��

zpkq“ ζ´1k
p2010q

2018

ee

2018
yy

L.H.Thomas
algo p1949q

2018

88

shift zpkq “

vpkq˚p´ rQqvpkq

Default algorithm
OO

zpkq“ δ´1k
p2010q

2017oo

C.& Y.S. Li Tridiagonal Q

2016 h-transformation p2014q
��

Hermitizable
T,A 2014

2018 //
rQ. Initial pvp0q, zp0qq

2016 ��

Basic esti
p2010q

2016oo

Coupling of rQ
&Qsymp1991q

2018 //
Iterative equation

`

´Q sym´zpk´1qI
˘

ˆ

wpkq“vpk´1q

2016

��

zpkq“ ζ´1k
p2010q

2018

ee

2018
yy

L.H.Thomas
algo p1949q

2018

88

shift zpkq “

vpkq˚p´ rQqvpkq

Default algorithm
OO

zpkq“ δ´1k
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C.& Y.S. Li Tridiagonal Q

2016 h-transformation p2014q
��

Hermitizable
T,A 2014

2018 //
rQ. Initial pvp0q, zp0qq

2016 ��

Basic esti
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2016oo

Coupling of rQ
&Qsymp1991q

2018 //
Iterative equation

`

´Q sym´zpk´1qI
˘

ˆ

wpkq“vpk´1q

2016

��

zpkq“ ζ´1k
p2010q

2018

ee

2018
yy

L.H.Thomas
algo p1949q

2018

88

shift zpkq “

vpkq˚p´ rQqvpkq

Default algorithm
OO

zpkq“ δ´1k
p2010q

2017oo
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3. Improved global algorithm(2017)

Single death Q“pqijq
N
i,j“1: Y.S. Li

Q“

¨

˚

˚

˚

˚

˚

˚

˚

˝

´
7
32

2
33

2
34 ¨ ¨ ¨

2
3N

1
3N

2
3
´

7
32

2
33 ¨ ¨ ¨

2
3N´1

1
3N´1

2
3

´
7
32 ¨ ¨ ¨

2
3N´2

1
3N´2

. . . . . . . . . ...

0 2
3

´
7
32

1
32

2
3

´
2
3

˛

‹

‹

‹

‹

‹

‹

‹

‚

Not co-zero! A“pakjq:“ p´Qq
´1
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General positive matrix

Example [Yu-Hui Zhang].

A“pakjqN N̂ , akj“
2k^j´ 1

2j
` 1tjďkuakj“

2k^j´ 1

2j
` 1tjďkuakj“

2k^j´ 1

2j
` 1tjďku.

Using Mathematica (version 11.3),
Maximal eigenvector is computable iff
N ď 39.
Without term 1tjďku, Mathematica is
available iff N ď11. MatLab: N ď45.
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Computational technique. aijě0, i‰j

Invariant/Harmonic measµA:irreducible

Q :“ A´DiagMatrixrA1s ñ Q1“0.

Solve µQ “ 0, µ0 “ 1. unique
Quasi-symmetrizing:

pA :“ Diagpµ1{2
qADiagpµ´1{2

q.

A symmetrizable w.r.tµ iff pA symmetric:
pA˚´ pA “ 0? Diagonals, summing
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Quasi-symmetrization.

Quasi-symmetrizing:

pA :“ Diagpµ1{2
qADiagpµ´1{2

q.

Example (Continued)

A“pakjq : akj“
2k^j´ 1

2j
`1tjďku,

without 1tjďku: symm wrt µk “ 2´k;
with 1tjďku: q-symm wrt lastµk,Nď523,

new q-symm µk“
`

2 1̂02{39
˘´k
.

�7{ (BNU) Maximal eigenpair 2019 c 10 � 12 F 38 / 45



Results of quasi-symmetrization

µk “
`

2 ˆ 102{39
˘´k
. 1700 " 39

N 523 800 1000 1500 1700

zp1q
8.96625
8.99793

8.97632
8.99911

8.98126
8.99943

8.98993
8.99975

8.99111
8.9998

zp2q
8.99734
8.99746

8.99885
8.99891

8.99926
8.9993

8.99967
8.99969

8.99974
8.99976

zp3q
8.99744
8.99744

8.9989
8.9989

8.9993
8.9993

8.99969
8.99969

8.99976
8.99976

Here zpkq denotes the output of Step k of the
lower/upper estimates of ρpAq. Mathematica
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Q „ p2,´3, 1q, cN “ 2. N “ 2043
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p´Qq´1“

„

2k^j ´ 1

2j

N

k,j“1
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Q: single death. N “ 1700
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p´Qq´1“

”

2k^j´1
2j

` 1tjďku
ı
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�ÅÿÁ. A “ paijq, aij P p0, 10q

¦^ÊÏ)P�>M, MatLab.

N “ 5000. 7 ��, 2,326 �, ²þ
11 ¦/�. �ÚS�. Ã�.

N “ 1000. 2 ��, 36,448 �, ²
þ 0.2 ¦/�. �ÚS�. Ã�.
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A “ p´Qq´1 ą 0

Lemma

Let Q: a Q-matrix (Q1 ď 0) on a
countable E, derived by tPtutě0. Then,
p´Qq´1 D & ě 0 (pointwise, may be
888). If moreover, Q is irreducible and
tPtutě0 is transient, then p´Qq´1Pp0,8q.

Proof As an increasing limit of weak

pλI ´Qq´1
“
ş888

0 e
´λtPt dt, λÓÓÓ0.
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uÛ��ÊÍ�À8,1�Ü©"©

ïÄ�ô�?�§����Ñ5.

�O��Æ¯[§�w2ÝÚ�Ý.
ü´�§�¤�Ø��;[§�é
���Æ�uÐØv�.
ü´2,�Ð	1,Jk¢�5¤Ò.

Æ��m¢SþÃØ�}��õ�.

�Æ¯I�k�¬ºÝ, #g�,
��É. �â/, “û”
�a.
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http://math0.bnu.edu.cn/˜chenmf

The end!
Thank you, everybody!
���[�

45
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	Computing the maximal eigenpair



