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Abstract

Based on a series of recent papers, a powerful algorithm is reformu-
lated for computing the maximal eigenpair of self-adjoint complex tridi-
agonal matrices. In parallel, the same problem in a particular case for
computing the sub-maximal eigenpair is also introduced. The key ideas
for each critical improvement are explained. To illustrate and compare
these algorithms, some examples are included.
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1 Introduction. A powerful algorithm and a typical
example

Matrix eigenvalues play important role in many areas, not only in mathemat-
ics but also in quantum mechanics. In the past 170 years, a large number of
publications, as well as libraries have been devoted to the study on eigenprob-
lems. Refer to [17, 14] and the references within. An algorithm which is closely
related to the aim of the paper is the so-called Householder’s decomposition or
reduction (which was listed in [2] as the forth of 10 top algorithms in the 20th
century). About the decomposition technique, six algorithms are surveyed
in [15], including Householder transformation [1]. It transforms a Hermitian
matrix into a real symmetric tridiagonal one. There are three aspects of con-
tributions in the algorithm stated below. The first one is an extension of the
Householder transformation from Hermitian to Hermitizable. This is an easier
part ([11; Theorem 24]). The second one is reducing further to a birth-death
type Q-matrix (that is the tridiagonal matrix having positive sub-diagonals).
This enables us to use some long cumulated results in the study on probability
theory. As will be seen in Section 4, it takes a long trip to arrive at the present
formulation of Algorithm 1 which is very efficient and theoretically complete.
The mature algorithm for birth–death type Q-matrix is the third contribution
to Algorithm 1. The main aim of the paper is to illustrate the power of the
algorithm and to explain the main steps in the development of the algorithm.
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To move further, let us define the Hermitizable matrix [11] first. Let

E “ tk P Z` : 0 ď k ă N ` 1u.

A matrix A “ paij : i, j P Eq is called Hermitizable if there exists a positive
measure pµi : i P Eq such that

µiaij “ µj āji, i, j P E,

where ā denotes the conjugate of a. With µ at hand, the matrix p
?
µiaij{

?
µj :

i, j P Eq becomes Hermitian having the same spectrum as A. As mentioned
above, for a Hermitizable matrix, we can transform it into a real symmetric
tridiagonal one with the help of Householder transformation. Besides, a re-
ducible tridiagonal matrix can be decomposed into irreducible sub-matrices.
Thus, we consider only irreducible tridiagonal one in this paper. In what fol-
lows, we focus on the tridiagonal matrices of the following form on finite space
E “ t0, 1, ¨ ¨ ¨ , Nu.

T “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

´c0 b0
a1 ´c1 b1

a2 ´c2 b2
. . .

. . .
. . .

. . .
. . . bN´1
aN ´cN

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

. (1)

Here we assume that T is Hermitizable:

pckq is real, pakq and pbkq are complex but ak`1bk ą 0 p0 ď k ă Nq.

As usual, the ’eigenpair’ means the twins consisting of an eigenvalue and
its eigenvector. In what follows, we simply write the tridiagonal matrix as
T „ pak,´ck, bkq, since such a matrix is determined by the three sequences
taku

N
k“1, t´cku

N
k“0, and tbku

N´1
k“0 . Now, the powerful algorithm for maximal

eigenpair, according to [7-10] and [11; §4], can be stated as follows.

Algorithm 1 Suppose that T is a Hermitizable tridiagonal matrix of form
(1). Before computing the maximal eigenpair of T , we need prepare Steps 1 „ 3.

Step 1. Let

m “ sup
kPE
p´ck ` |ak| ` |bk|q

`, x` :“ maxtx, 0u,

and

uk “ akbk´1, k P Ezt0u.
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Set c̃k “ ck `m pk P Eq and b̃0 “ c̃0 ą 0. Next, let

#

b̃k “ c̃k ´ uk{b̃k´1, ãk “ c̃k ´ b̃k, 1 ď k ă N ;

ãN “ uN{b̃N´1.

More explicitly,

$

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

’

%

b̃0 “ c̃0,

b̃k “ c̃k ´
uk

c̃k´1 ´
uk´1

c̃k´2 ´
uk´2

. . .

c̃2 ´
u2

c̃1 ´
u1

c̃0

, 1 ď k ă N,

ãk “ c̃k ´ b̃k, 1 ď k ă N,

ãN “
uN

b̃N´1
.

Then the tridiagonal matrix rQ „ pãk,´c̃k, b̃kq possesses the properties: both
pãkq and pb̃kq are positive, the sum of each row equals zero except the Nth
row (c̃N ě ãN ). If c̃N “ ãN , then T has the maximal eigenvalue λmax “ m with
eigenvector gmax “ h:

h0 “ 1, hk “ hk´1
b̃k´1
bk´1

, k P Ezt0u.

Otherwise go to the next step.

Step 2. Define the symmetric tridiagonal matrix Qsym„pasymk ,´csymk , bsymk q as
follows:

csymk “ c̃k, k P E;

asymk “ bsymk´1 “
a

akbk´1, k P Ezt0u.

Step 3. Define the upper triangular matrix pMkjq and vector pΦkq as follows.

Mkk “ 1, Mkj “Mk,j´1
ãj

b̃j´1

„

“
ãk`1 ¨ ¨ ¨ ãj

b̃k ¨ ¨ ¨ b̃j´1



, 1 ď k ` 1 ď j ď N ;

Φk “
1

b̃k
`

ÿ

k`1ďjďN

ãk`1 ¨ ¨ ¨ ãj

b̃k ¨ ¨ ¨ b̃j
“

ÿ

kďjďN

Mkj

b̃j
, 0 ď k ď N.

With pãk, b̃kq, Q
sym, M and Φ at hand, we can now start our iterations. Note

that one may use the parallel computing the next step.
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Step 4. For given vpkq pk ě 0q, define

ζk“ sup
0ďnďN

1
a

b̃nv
pkq
n ´

?
ãn`1v

pkq
n`1

n
ÿ

j“0

v
pkq
j

d

Mjn

b̃n
, k ě 0, (2)

with a convention that ãN`1 “ 0. As in [11; §4], choose

wp0q “
?

Φ, vp0q “ wp0q
L

a

wp0q˚wp0q, zp0q “ ζ´10 ,

where ζ0 is defined by (2) with k “ 0. For each k ě 1, solve wpkq :

`

´Qsym ´ zpk´1qI
˘

wpkq “ vpk´1q (3)

and define

vpkq “
wpkq

?
wpkq˚wpkq

, zpkq “
1

ζk
,

where ζk is defined by (2). Then pvpkq, zpkqq converges to the maximal eigenpair
of Qsym.
Step 5. To go back to the original matrix T , denote its maximal eigenpair by
pλmaxpT q, gmaxq. Then we have

λmaxpT q “ m´ lim
kÑ8

zpkq, gmax “ lim
kÑ8

diagpdqvpkq,

where diagpdq is the diagonal matrix having diagonal elements pdkq:

d0 “ 1, dk “ dk´1

c

ak
bk´1

, k P Ezt0u.

Alternatively,

d0 “ 1, dk “

g

f

f

e

k
ź

j“1

aj
bj´1

, k P Ezt0u.

Remark 2 We use the following Thomas algorithm to solve equation (3).

Thomas algorithm ([13]). Given a tridiagonal matrix T „ pak,´ck, bkq,
a constant shift z and a vector v. Define

di “

$

’

&

’

%

b0
z ´ c0

, if i “ 0;

bi
z ´ ci ´ aidi´1

, if i “ 1, 2, ¨ ¨ ¨ , N ´ 1.

Next, define

ξi “

$

’

&

’

%

v0
c0 ´ z

, if i “ 0;

vi ` aiξi´1
ci ´ z ` aidi´1

, if i “ 1, 2, ¨ ¨ ¨ , N.
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Then, the solution w to the equation

p´T ´ zIqw “ v on E.

is given as follows.

#

wN “ ξN ,

wi “ ξi ´ diwi`1, i “ N ´ 1, N ´ 2, ¨ ¨ ¨ , 1, 0.

To illustrate the power of Algorithm 1, we choose the following typical
example, taken from [11; §4] and [18; §3.3].

Example 3 Consider the following matrix on E:

Q“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

´3 2
1 ´3 2

1 ´3 2
. . .

. . .
. . .

. . .
. . . 2
1 ´3

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

We are going to use three algorithms to compute the maximal eigenpair of
this matrix Q. The first one is Algorithm 1, the others are also recent. One
can see the difference of their effectiveness and then understand a part of the
developments of the algorithm.

(a) For the matrix Q, we have m “ 0. After the preparations of Steps 1 „ 3
in Algorithm 1, we start the iterations in Step 4. The computing results for
different N are given in Table 1.

Table 1. Outputs for different N by Algorithm 1

N`1 zp0q zp1q zp2q zp3q

8 0.253835 0.33544 0.342107 0.342148

16 0.182046 0.21533 0.219673 0.219732

50 0.171577 0.175993 0.176912 0.176937

100 0.171573 0.172686 0.172934 0.172941

500 0.171573 0.171618 0.171628

1000 0.171573 0.171584 0.171587

5000 0.171573 0.171573 p1.597sq

10000 0.171573 0.171573 p6.578sq

150000 0.171573 0.171573 p29.160sq

Here, we mention that the numerical experiments in this article are fulfilled
on a PC with Intel(R) Core(TM)i5-5200 CPU @2.20 GHz and 4.00 GB RAM
using MATLAB (R2014a).
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For this example, with the button ’Run and time’ in Matlab, we record the
running time needed to get the results for larger N and the time ’s’ denotes
seconds. From Table 1, we see that the six precisely significant digits are
achieved with no more than three steps. Actually, when N ě 4500, up to six
precisely significant digits, the initial zp0q already coincides with λ0.

(b) For comparison, as in [11; Algorithm 27], we take zpkq “ δ´1k instead of
zpkq “ ζ´1k in Algorithm 1 to compute the same example, where

δk “ sup
0ďnďN

1

v
pkq
n

„

Φn

ÿ

0ďiďn

v
pkq
i

a

Min`
ÿ

n`1ďjďN

a

MnjΦjv
pkq
j



, k ě 0,
ÿ

H

:“ 0.

The computing results are given in Table 2.

Table 2. Outputs for different N using δk instead of ζk

N`1 zp0q zp1q zp2q zp3q

8 0.304256 0.340851 0.342146 0.342148

16 0.195163 0.217878 0.219722 0.219732

50 0.171632 0.17606 0.176916 0.176937

100 0.171573 0.17269 0.172934 0.172941

500 0.171573 0.171618 0.171628

1000 0.171573 0.171584 0.171587

5000 0.171573 0.171573 p2.814sq

10000 0.171573 0.171573 p15.927sq

150000 0.171573 0.171573 p96.483sq

Comparing Table 1 with Table 2, we know that both the use of ζk and δk
need no more than three steps to get the expected results. But the use of ζk
saves much time. The reason is clear: ζk uses a single summation and δk uses
a double summation. Their computation complexity are OpNq and OpN2q,
respectively.

(c) We now compare the use of Qsym in Step 3 of Algorithm 1 with the earlier
algorithm presented in [9; §A.4]. The computing results are given in Table 3.

Table 3. Outputs using the algorithm in [9; §A.4]

N ` 1 zp0q zp1q zp2q zp3q

8 0.304256 0.340851 0.342146 0.342148

16 0.195163 0.217878 0.219722 0.219732

50 0.171632 0.17606 0.176916 0.176937

100 0.171573 0.17269 0.172934 0.172941

500 0.171573 0.171618 0.171628

1000 0.171573 0.171584 0.171587

1023 0.171573 0.171584 0.171586
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Actually, as the problem mentioned in [11; §4], the curve of the initial vector
wp0q goes down rapidly at the beginning smaller intervals, and become too
small at the end intervals, due to the limitation of computer for calculation
accuracy, we can only get the expected results up to 1023 with the algorithm
in [9; §A.4].

(d) It is the position to compare Algorithm 1 with the known ones. As well
known, the maximal eigenpair has a very wide applications, such as Google’s
PageRank, the input-output method in economic optimization. Refer to [7-
10] for more information. From Wikipedia or textbooks, we have learnt that
there are mainly two algorithms for computing the maximal eigenpair: Power
Iteration and Rayleigh Quotient Iteration. The former one is the simplest
one and has a wide application. But its convergence speed is very slow and
hence is almost impractical. The second one is a cubic algorithm, provided
the initials are sharp enough. However, it is a dangerous algorithm, as will
be discussed in detail in §4. A related algorithm is the famous QR Iteration,
which is used to compute the eigensystem of a matrix. This algorithm is widely
used in practice. The price is the limitation of the scale of the matrix. As a
illustration, we now compare Algorithm 1 with the function ’eig’ contained in
Matlab. Table 4 presents the different time needed to get the eigenvalues for
different N in Example 3.

Table 4. Outputs and time needed using Algorithm 1 and eig

N ` 1 Algorithm 1 eig

100 ´0.172941 p0.271sq ´0.172941 p0.193sq

500 ´0.171628 p0.239sq ´0.172726 p0.166sq

550 ´0.171587 p0.289sq ´5.85152 p0.570sq

The function ’eig’ is mature for computing all the eigenvalues of a matrix.
From Table 4, we know that when N ě 500, the outputs are incorrect. Thus,
’eig’ is efficient for small matrix but it is not stable for large matrices.

In formula (3) of Algorithm 1, we have used a standard dual technique:
replacing Qsym by ´Qsym and then ´λmaxpQ

symq “ λminp´Q
symq. In general,

for each constant r ‰ 0 and a linear operator L, we have

SpprLq “ rSppLq, Sp :“ Spectrum.

If moreover, r is real and L is self-adjoint on some inner product space, then
so is rL and we again have the identity of their spectrums. Certainly, such a
constant transform does not change the corresponding eigenvectors. For the
present tridiagonal case T „ pak,´ck, bkq, if r ă 0, we can say a little more.
Without loss of generality, assume that r “ ´1.

Remark 4 Let T „ pak,´ck, bkq and define T„ „ pak, ck, bkq. Then

Spp´T q “ SppT„q,
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due to the fact that ´T and T„ here have the same Q̃ defined in Algorithm 1
and hence have the same spectrum.

From [7-11], one sees the successive modifications to achieve Algorithm 1.
Based on the sharp estimates of maximal eigenvalue [4], the efficient initials
were introduced in [7; §3] for Rayleigh Quotient Iteration. To avoid the dan-
gerous region, the modified algorithm by redefining zk “ δ´1k was presented in
[9; §A.4]. In the following-up article [10; §2], an explicit representation of the
solution to tridiagonal equation was proposed. To balance the sharpness and
the complexity, several methods to improve the algorithm were proposed in
[11]. We will outline this trip in Section 4. Besides, based on [7, 9, 10], Tang
and Yang [18] simplified the computational complexity and proved that the
total cost for computing is OpNq. In the next section, we introduce additional
examples to illustrate the power of the algorithm.

2 Examples

In this section, the examples are taken from the papers [4, 7, 9, 11], except
Example 6 which is newly added. To compare the results with Algorithm 1,
let us look at the following example taken from [9; Appendix A.4] first.

Example 5 pr9; Example A3sq Let

T “

¨

˚

˚

˚

˚

˚

˚

˝

2.334 0.9962
0.5142 2.6725 0.1111

0.2115 2.263 0.1405
0.8442 2.8457 0.7595

0.2347 2.2257 0.0781
0.9837 2.1582

˛

‹

‹

‹

‹

‹

‹

‚

.

Then the eigenvalues of T are

3.26753, 3.16247, 2.40182, 2.12632, 1.80416, 1.73679.

For the matrix T , we have m “ 4.4494. The outputs using Algorithm 1 are
given in Table 5.

Table 5. The outputs by Algorithm 1

m´ zp0q m´ zp1q m´ zp2q m´ zp3q m´ zp4q

3.41401 3.28721 3.26957 3.26757 3.26753

Comparing the results here with those in [9; Example A3], we know that
Algorithm 1 is rather effective. In the next two examples, we compute the
maximal eigenvalue of complex matrices using Algorithm 1.



Powerful algorithm 9

Example 6 Let

T “

¨

˚

˚

˚

˚

˚

˚

˝

´2 2` i
22p2´ iq ´1 3` i

22p3´ iq ´3 1` 2i
1´ 2i ´2 2` 3i

2´ 3i ´4 2´ i
4` 2i 3

˛

‹

‹

‹

‹

‹

‹

‚

.

Then the eigenvalues of T are

´10.0244, ´7.26296, ´2.65371, 0.243075, 4.50158, 6.19640.

For the complex matrix T , we have m “
?

5 ` 4
?

10 ´ 3. The outputs using
Algorithm 1 are given in Table 6.

Table 6. The outputs by Algorithm 1

m´ zp0q m´ zp1q m´ zp2q m´ zp3q m´ zp4q

7.31593 6.34282 6.20382 6.19644 6.19640

Example 7 pr11; Example 19sq Let

T “

¨

˚

˚

˚

˚

˝

´1 2` i
22p2´ iq ´1 24p2` iq

62p2´ iq ´1 34p2` iq
122p2´ iq ´1 44p2` iq

202p2´ iq ´1

˛

‹

‹

‹

‹

‚

.

Then the eigenvalues of T are

´756.391, ´52.0308, ´1, 50.0308, 754.391.

For the complex matrix T , we have m “ 400
?

5 ´ 1. The outputs using
Algorithm 1 are given in Table 7.

Table 7. The outputs by Algorithm 1

m´ zp0q m´ zp1q m´ zp2q

773.836 754.594 754.391

To explicitly illustrate the power of the algorithm, we compute three real
examples using zpkq “ ζ´1k and zpkq “ δ´1k , respectively, in Algorithm 1. The
following three examples are birth-death matrices taken from [4; §3] satisfying
that c0 “ b0 and ck “ ak ` bk, k P Ezt0u. Which means m “ 0.

Example 8 pr4; Example 3.5sq Let bk “ 2 pk ě 0q, ak “ k pk ě 1q. Then for
this example, when N is large enough, λ0 “ 1. For different N , the outputs
are given in Tables 8 and 9, using ζk and δk, respectively.
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Table 8. The outputs for different N using ζk

N`1 zp0q zp1q zp2q zp3q zp4q

8 0.836045 0.992135 1.01307 1.01355

16 0.834044 0.977037 0.999391 1.00011

32 0.83404 0.976651 0.999245 0.999999 1.0

50 0.83404 0.97665 0.999245 0.999999 1.0

100 0.83404 0.97665 0.999245 0.999999 1.0

Table 9. The outputs for different N using δk instead of ζk

N`1 zp0q zp1q zp2q zp3q

8 0.943632 1.00843 1.01353 1.01355

16 0.918635 0.99231 1.00004 1.00011

32 0.917966 0.99197 0.999921 1.0

50 0.917965 0.991969 0.999921 1.0

100 0.917965 0.991969 0.999921 1.0

Comparing Table 8 with Table 9, we know that when N ě 32, the use of ζk
needs one more step than that of δk to get the expected results. But usually,
the time spent in Table 8 is shorter than that of Table 9. See for instance in
the next example.

Example 9 pr4; Example 3.7sq Let

bk “ pk ` 1q4, ak “ kpk ´ 1{2qpk2 ` 3k ` 3q,

when N is large enough, λ0 “ 1{2. For different N , the outputs are given in
Tables 10 and 11, using ζk and δk, respectively.

Table 10. The outputs for different N using ζk

N`1 zp0q zp1q zp2q zp3q

8 0.416918 0.627353 0.633461 0.633466

50 0.35708 0.541483 0.548162 0.548169

100 0.347301 0.526674 0.533345 0.533353

500 0.335057 0.507877 0.514489 0.514498

1000 0.332284 0.503583 0.510173 0.510182

5000 0.328655 0.497945 0.504504 0.504512 p2.009sq

10000 0.327808 0.496625 0.503175 0.503184 p8.973sq

Table 11. The outputs for different N using δk
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N`1 zp0q zp1q zp2q

8 0.616418 0.63343 0.633466

50 0.530028 0.548113 0.548169

100 0.515265 0.533295 0.533353

500 0.496589 0.514436 0.514498

1000 0.492332 0.51012 0.510182

5000 0.486749 0.50445 0.504512 p3.383sq

10000 0.485443 0.503121 0.503184 p24.602sq

For this example, we record the time needed to get the results for larger N .
To get the expected results, from Tables 10 and 11, it follows that the use of ζk
needs one more step than that of δk, but saves much time. The next example
exhibits the same phenomenon.

Example 10 pr4; Example 3.6s and r7; Example 7sq Let

bk “ pk ` 1q2, ak “ k2,

when N is large enough, λ0 “ 1{4. For different N , the outputs are given in
Tables 12 and 13, using ζk and δk, respectively.

Table 12. The outputs for different N using ζk

N`1 zp0q zp1q zp2q zp3q

8 0.406762 0.514094 0.525176 0.525268

100 0.304993 0.36995 0.376269 0.376383

500 0.279999 0.333226 0.33823 0.338329

1000 0.273336 0.322412 0.327148 0.32724

5000 0.26322 0.304128 0.308454 0.308529 p2.088sq

7500 0.261484 0.300603 0.304845 0.304918 p4.711sq

10000 0.260397 0.298305 0.302489 0.302561 p8.516sq

Table 13. The outputs for different N using δk

N`1 zp0q zp1q zp2q zp3q

8 0.485985 0.52415 0.525267 0.525268

100 0.348549 0.374848 0.376378 0.376383

500 0.310195 0.33686 0.33832 0.338329

1000 0.299089 0.325735 0.327229 0.32724

5000 0.281156 0.306874 0.308514 0.308529 p4.281sq

7500 0.277865 0.303213 0.304903 0.304918 p11.077sq

10000 0.275762 0.300821 0.302545 0.302561 p55.355sq

Examples 8, 9 and 10 illustrate the reason for choosing zpkq “ 1{ζk from
the computational point of view. To conclude this section. we study one more
example.



12 Mu-Fa Chen and Yue-Shuang Li

Example 11 pr7; Example 22sq Let

T “

¨

˚

˚

˚

˚

˝

´5 5
3 ´7 4

2 ´3 1
10 ´16 6

11 ´11´ b4

˛

‹

‹

‹

‹

‚

.

For the matrix T , we havem “ 0. For differentN , the outputs using Algorithm
1 are given in Table 14.

Table 14. The outputs for different N

b4 zp0q zp1q zp2q

0.01 0.000143394 0.000278683 0.000278686

1 0.0130396 0.0244922 0.0245175

100 0.102368 0.182367 0.182819

106 0.109962 0.19468 0.195145

The number of iterations is the same as those given in [7], except when b4 “
0.01, for which the use of Algorithm 1 requires one more step.

From the above examples, it follows that Algorithm 1 is efficient for com-
puting the maximal eigenpair. Furthermore, there is a natural way to study
the next to the maximal eigenpair, which is the topic in the next section.

3 Conservative case

In this section, we continue the study on a special case in Algorithm 1. That is
c̃N “ ãN . Then the matrix rQ constructed in Algorithm 1 is conservative and
has a trivial eigenvalue 0. The aim of this section is to study its sub-maximal
eigenpair. By using a shift mI, if necessary, we deal with the tridiagonal
Q-matrix of the following form:

Q“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

´c0 b0
a1 ´c1 b1

a2 ´c2 b2
. . .

. . .
. . .

. . .
. . . bN´1
aN ´cN

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

, (4)

where ak ą 0 p1 ď k ď Nq, bk ą 0p0 ď k ă Nq and ck “ ak ` bk pwith a0 :“
0 and bN :“ 0q. Clearly, the maximal eigenvalue for this matrix is λ0 “ 0
with constant eigenvector 1. Now, we compute the sub-maximal eigenvalue
λ1pQq by the following algorithm, which is essentially harder but formally the
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same as Algorithm 1, except the use of a new auxiliary tridiagonal matrix rQ
on E1 :“ tk P Z` : 1 ď k ď Nu. Recall that E “ E1

Ť

t0u. The next result
is due to [11; §4].

Algorithm 12 Suppose that Q is a tridiagonal matrix of form (4) with an
auxiliary condition that ck “ ak ` bk, k P E. Define a measure µ corresponding
to Q as follows:

µ0 “ 1, µn “ µn´1
bn´1
an

, 1 ď n ď N. (5)

Before computing the sub-maximal eigenpair of Q, we need prepare Steps 1 „ 3.

Step 1. Define rQ „ pãk,´c̃k, b̃kq on E1 as follows. First, set b̃1 “ a1 ` b0.
Next, define
$

’

’

’

’

’

&

’

’

’

’

’

%

b̃k “ ak ` bk´1 ´
ak´1bk´1

b̃k´1
, ãk “ ak ` bk´1 ´ b̃k, 2 ď k ă N ;

c̃k “ ak ` bk´1, 1 ď k ď N ;

ãN “
aN´1bN´1

b̃N´1
.

This is essentially different from Step 1 in Algorithm 1, in fact it uses a dual
technique. The other Steps are similar to those in Algorithm 1.

Step 2. Define the tridiagonal matrix Qsym „ pasymk ,´csymk , bsymk q on E1:

csymk “ c̃k, k P E1;

asymk “ bsymk´1 “
a

ak´1bk´1, k P E1zt1u.

Step 3. Define the upper triangular matrix pMkjq and vector pΦkq on E1:

Mkk “ 1, Mkj “Mk,j´1
ãj

b̃j´1

„

“
ãk`1 ¨ ¨ ¨ ãj

b̃k ¨ ¨ ¨ b̃j´1



, 2 ď k ` 1 ď j ď N ;

Φk “
1

b̃k
`

ÿ

k`1ďjďN

ãk`1 ¨ ¨ ¨ ãj

b̃k ¨ ¨ ¨ b̃j
“

ÿ

kďjăN`1

Mkj

b̃j
, 1 ď k ď N.

With pãk, b̃kq, Q
sym, M and Φ at hand, we can now start our iterations.

Step 4. For given vpkq pk ě 0q, define

ζk“ sup
1ďnďN

1
a

b̃nv
pkq
n ´

?
ãn`1v

pkq
n`1

n
ÿ

j“1

v
pkq
j

d

Mjn

b̃n
, k ě 0. (6)

with a convention that ãN`1 “ 0. As in [11; Algorithm 29], choose w
p0q
i “

?
Φi, i P E1. Define

vp0q “ wp0q{
a

wp0q˚wp0q, zp0q “ ζ´10 ,
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where ζ0 is defined by (6) with k “ 0. For each k ě 1, solve wpkq :

`

´Qsym ´ zpk´1qI
˘

wpkq “ vpk´1q on E1, (7)

and define

vpkq “
wpkq

?
wpkq˚wpkq

, zpkq “
1

ζk
,

where ζk is defined by (6). Let pλsym1 , gsymq be the minimal eigenpair of ´Qsym.
Then

λsym1 “ lim
kÑ8

zpkq, gsym “ lim
kÑ8

vpkq.

Furthermore, denote the sub-maximal eigenpair of Q by p´λ1, fq, then

λ1 “ λsym1 “ lim
kÑ8

zpkq, f “M´1g “ lim
kÑ8

`

M´1gpkq
˘

,

whereM is a matrix on EˆE (recall that E “ E1
Ť

t0u) of the following form:

M“

¨

˚

˚

˚

˚

˚

˝

µ0 µ1 µ2 ¨ ¨ ¨ µN
µ1 µ2 ¨ ¨ ¨ µN

µ2 ¨ ¨ ¨ µN
. . .

...
0 µN

˛

‹

‹

‹

‹

‹

‚

,

µ is defined by (5), g and
`

gpkq
˘

are vectors on E satisfying that

g0 “ 0, g|E1 “ diagpd1qgsym,

and
g
pkq
0 “ 0, gpkq|E1 “ diagpd1qvpkq.

Here, diagpd1q is a diagonal matrix on E1 having diagonal elements pd1kq:

d11 “ 1, d1k “ d1k´1

d

bk´1

ak´1
, k P E1zt1u,

Alternatively,

d11 “ 1, d1k “

g

f

f

e

k
ź

j“2

bj´1
aj´1

, k P E1zt1u.

Remark 13 We also use Thomas algorithm to solve equation (7).

For the remainder of this section, we introduce some examples to illustrate
the power of Algorithm 12. The next two examples are closely related to
Examples 3 and 10, respectively.
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Example 14 Consider the matrix

Q“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

´2 2
1 ´3 2

1 ´3 2
. . .

. . .
. . .

. . . ´3 2
1 ´1

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

The computing results for different N using Algorithm 12 are given in Table
15.

Table 15. The outputs for different N by Algorithm 12

N`1 zp0q zp1q zp2q zp3q

8 0.284681 0.37967 0.386839 0.386874

16 0.184834 0.221395 0.225864 0.225920

50 0.171578 0.176176 0.177128 0.177154

100 0.171573 0.172709 0.172961 0.172969

Example 15 pr7; Example 25sq Consider the matrix

Q“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

´1 1
1 ´5 22

22 ´13 32

. . .
. . .

. . .
. . . ´N2 ´ pN ´ 1q2 N2

N2 ´N2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

For different N , the outputs using Algorithm 12 are given in Table 16.

Table 16. The outputs for different N by Algorithm 12

N`1 zp0q zp1q zp2q zp3q

8 0.60449 0.80318 0.820402 0.820539

16 0.481611 0.638168 0.650021 0.650141

50 0.379585 0.494848 0.5035 0.503596

100 0.344814 0.444154 0.451895 0.451977

Example 16 pr7; Example 26sq Let

Q“

¨

˚

˚

˚

˚

˝

´5 5
3 ´7 4

2 ´3 1
10 ´16 6

11 ´11

˛

‹

‹

‹

‹

‚

.
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The eigenvalues of ´Q are as follows:

22.348, 10.6857, 5.92951, 3.03673, 0.

The outputs using Algorithm 12 are given in Table 17.

Table 17. The outputs by Algorithm 12

zp0q zp1q zp2q zp3q

2.4898 2.97585 3.03569 3.03673

Comparing the results here with the outputs given in [7], we need one more
iteration in using Algorithm 12. This often happens for small N . The reason
we do not go to large scale matrices is that Algorithm 12 should be as powerful
as Algorithm 1, since they have the same computation complexity OpNq.

The story of the development as well as intrinsic points are presented in
the next section.

4 Development and proofs

Let us begin this section with the well-known Rayleigh Quotient Iteration.

Rayleigh Quotient Iteration pabreav.RQIq For a given real matrix A
with nonnegative off-diagonal elements on E ˆ E, let pλmax, gmaxpAqq be the
maximal eigenpair of A and pzp0q, vp0qq be an approximation of pλmax, gmaxpAqq.
At the kth step pk ě 1q, solve the linear equation in wpkq:

`

zpk´1qI ´A
˘

wpkq “ vpk´1q,

where I is the identity matrix and define

vpkq “
wpkq

?
wpkq˚wpkq

, zpkq “ vpkq˚Avpkq.

Then vpkq converges to gmax and zpkq converges to λmaxpAq as k Ñ8, provided
pzp0q, vp0qq is close enough to pλmaxpAq, gmaxq.

In what follows, we will often use some probabilistic idea. Our first object
is the Q-matrix:

Q “ pqij : i, j P Eq,

where qij ě 0 for every pair i ‰ j and
ř

jPE

qij ď 0 for every i P E. For

simplicity, we assume at the moment that

0 ă λ0 ă |λ1| ď |λ2| ď ¨ ¨ ¨ ,

where tλju is the sequence of the eigenvalues of ´Q. Suppose that the orthog-
onal eigenvectors corresponding to tλju are tgju. We now introduce RQI for
Q-matrix.
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RQI for Q-matrix The algorithm is almost the same as the original one
except A is replaced by ´Q, at the same time, the original iteration equation
is replaced by

p´Q´ zpk´1qIqwpkq “ vpk´1q.

We know that Rayleigh Quotient Iteration (RQI) is fast for computing the
maximal eigenpair but can be dangerous because there are many pitfalls. To
get the maximal eigenpair, there is a strict restriction for the initial pzp0q, vp0qq.
Fortunately, some basic analytic estimates of the maximal eigenvalue and some
mimic of its eigenvector were obtained for many years of accumulation in the
study of stochastic stability speed. See [3, 4] for instance. Based on this,
Algorithm 1 has been developed in [7-11], and then Algorithm 12 is presented
in [11]. Fig.1 exhibits the diagram of the development from RQI to Algorithm
1.

Tridiagonal Q

2016 h-transformation p2014q

��

Complex T,A
2014

2018 //
rQ. Initial pv0, z0q

2016
��

Basic estimate
p2010q

2016oo

rQÑ Qsym p1991q 2018
//

Iterative equation
`

´Qsym´zpk´1qI
˘

ˆ

wpkq“vpk´1q

2016

��

zpkq “ ζ´1k

2018

ff

2018
xx

Thomas algorithm
p1949q

2018
88

shift zpkq “

vpkq˚p´ rQqvpkq

Default algorithm

OO

zpkq “ δ´1k

p2010q
2017oo

Fig.1 Diagram of development of Algorithm 1.

For the remainder of this section, we are going to explain this diagram by
six steps:

• Isospectral operators. Q
2014
ÝÑ rQ,T

2018
ÝÑ rQ.

• Initial pv0, z0q.

• Rayleigh quotient Ñ δ´1k .

• Coupling of non-symmetric Q and symmetrized matrix Qsym.

• Computation complexity.

• The Thomas algorithm.
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4.1 Isospectral operators. Q
2014
ÝÑ rQ, T

2018
ÝÑ rQ.

Before moving further, let us recall the so-called birth-death Q-matrix.

Definition 17 The matrix Q „ pak,´ck, bkq is called birth-death Q-matrix
on E if

ak ą 0, bk ą 0, ck ě ak ` bk.

Let T be an Hermitizable tridiagonal matrix of form (1), and let rQ be
the one defined by Algorithm 1. Next, we recall that an isospectral trans-
formation (h-transformation) was introduced in [6] which allows us to study
the Q-matrix having arbitrary diagonals. Then, an explicit construction of
isospectral transformation in tridiagonal case (3 steps) was presented in [5],
which is the h-transformation used in [7].

In the study on the sub-maximal real part of eigenvalues, a question ap-
pears: when a complex matrix has real spectrum? This triggered the study
on Hermitizable complex matrix [11; §2]. In which the direct explicit repre-
sentation of isospectral transformation in tridiagonal case is deduced [11; §3].
This completes the proof of T Ñ rQ, that is quite hard. Furthermore, in terms
of a modified Householder transformation, it can be proved that a general
Hermitizable complex matrix is also isospectral to a birth-death matrix rQ [11;
Theorem 24]. For tridiagonal matrix, the transformation can be explained
roughly by Theorem 18.

Theorem 18 Assume T is a complex matrix of form (1). Set A “ T ´mI,
where m “ sup

kPE
p´ck`|ak|`|bk|q

`. Let h be A-harmonic on EztNu with h0 “ 1,

i.e.,
pAhqpkq “ 0, k P t0, 1, . . . , N ´ 1u.

Define rQ “ diagphq´1Adiagphq, where diagphq is the diagonal matrix hav-
ing diagonal elements phkq, then rQ is a birth-death matrix of the form rQ „

pãk,´c̃k, b̃kq as in Step 1 of Algorithm 1.

Proof. Since rQ “ diagphq´1Adiagphq, we have

c̃k “ ck `m, ãk “
hk´1
hk

ak, b̃k “
hk`1
hk

bk. (8)

According to
pAhqpkq “ 0, k P t0, 1, . . . , N ´ 1u,

we get

ak
hk´1
hk

“ c̃k ´ bk
hk`1
hk

.

Combining this with (8), we have

conservativity : ãk “ c̃k ´ b̃k, 1 ď k ă N,



Powerful algorithm 19

and

invariance : ãk b̃k´1 “ akbk´1 “ |akbk´1| “ uk, 1 ď k ď N,

where u is the one given in Algorithm 1. Thus,

b̃0 “ c̃0, b̃k “ c̃k ´ ak
bk´1

b̃k´1
“ c̃k ´

uk

b̃k´1
, 1 ď k ď N,

and
ãN “

uN

b̃N´1
.

Besides, according to [11; Theorem 15], the sequences tãku and tb̃ku are posi-
tive, provided m ă 8. l

Remark 19 For the matrix rQ in Theorem 18, the sum of each row equals
zero, except the Nth row which is not positive.

Now, for a given Hermitizable tridiagonal complex matrix T , in terms of
Step 1, we can transform its spectrum to the one for a birth-death Q-matrix
rQ. After completing this procedure, we need only to deal with the maximal
eigenpair computation for the birth-death Q-matrix rQ. In what follows, unless
otherwise stated, we omit ’„’ in the natation of rQ, ãk, c̃k, b̃k. About the study
on this topic, there is a long accumulation on the estimation of stability speed.
For example, in [4], we have the following result

δ´1k Òď λ0 ďÓ δ
1´1
k ,

where

δk “ sup
0ďnďN

1

v
pkq
n

„

ϕn

ÿ

0ďiďn

µiv
pkq
i `

ÿ

n`1ďjďN

µjϕjv
pkq
j



, k ě 0, (9)

and ϕi “
řN

j“ipµjbjq
´1, i P E.

4.2 Initial pv0, z0q.

The choose of initial pv0, z0q plays rather important role for RQI. Since for
larger matrices, there are a lot of eigenvalues, for which the algorithm may go
to pitfalls. In [7], we choose z0 “ δ´11 ,

v0 “
w0

}w0}
, w0 “

?
ϕ.

Here, pv0, z0q is formally different from the representation of that in Algorithm
1, which will be explained later. Based on the estimation of (9), the initial is
already good enough so that, as in [7], the shift zk is setting to be the Rayleigh
quotient in latter iteration:

zk “ vpkq˚p´Qqvpkq, k ě 1.
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4.3 Rayleigh quotient Ñ δ´1k .

RQI can be used in many cases due to its simplicity, the danger going into
pitfalls is its limitation. Consider the symmetrizable Q for example, we usually
have

vpkq˚p´Qqvpkq ě λ0.

There may be an eigenvalue λ
1

pą λ0q nearer vpkq˚p´Qqvpkq than λ0, then the
algorithm will converge to λ

1

‰ λ0, i.e. falling into the pitfall λ
1

. Based
on this, in [9, 10], we suggested replacing Rayleigh quotient vpkq˚p´Qqvpkq by
δ´1n . Since there is no other eigenvalues of ´Q in the interval p0, λ´10 q, by basic
estimates, our modified algorithm becomes safe, never falling into a pitfall.

4.4 Coupling of non-symmetric Q and symmetrized matrix
Qsym.

In [18] and [11; §3], the computational trouble caused by non-symmetric matrix
was illustrated in detail. On one hand, in non-symmetric case, the eigenvector
we concerned increases (or decreases) very fast, which is the problem that the
computer cannot deal with. On the other hand, if we replace Q by Qsym, the
spectrum remains, but it happens often that the sum of some of the first N
rows is not zero, which makes the use of tδku and wp0q meaningless. If we now
use the isospectral transformation in Section 4.1 on Qsym, then we return to
the non-symmetric Q. This leads to an unsolvable circulation. To be brief,
the advantage of Q is that for which we have good estimates δk and wp0q, and
the advantage of Qsym is that for which there are many mature algorithms.
However, these two are not compatible. This hard problem troubled us for
many years. The method we used here is to “let the two get married”, that
means to use their two advantages simultaneously. For mathematical details,
see [11; §4]. Clearly, this coupling technique should be meaningful for other
algorithms of non-symmetric and symmetric ones.

In order to go back to the original matrix T , let pλmaxpT q, gmaxq denote its
maximal eigenpair and pz, vq be the output from the last iteration in Step 4.
Then we have

λmaxpT q « m´ z, gmax « diagphqdiagpµ̃q´1{2v.

By (8), hk{hk´1 “ b̃k´1{bk´1, combining this with h0 “ 1, we have

hk “ hk´1
b̃k´1
bk´1

“
b̃0b̃1 ¨ ¨ ¨ b̃k´1
b0b1 ¨ ¨ ¨ bk´1

.

By the definition of µ̃, we have

µ̃k “
b̃0b̃1 ¨ ¨ ¨ b̃k´1
ã1ã2 ¨ ¨ ¨ ãk

.
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Hence, for k ě 1, we have

hk
?
µ̃k
“
b̃0b̃1 ¨ ¨ ¨ b̃k´1
b0b1 ¨ ¨ ¨ bk´1

d

ã1ã2 ¨ ¨ ¨ ãk

b̃0b̃1 ¨ ¨ ¨ b̃k´1
“

?
u1u2 ¨ ¨ ¨uk

b0b1 ¨ ¨ ¨ bk´1
“

g

f

f

e

k
ź

j“1

aj
bj´1

.

Then, we get the last assertion of Algorithm 1.

4.5 Computation Complexity

Two improvements based on the computation complexity are made to arrive
at Algorithm 1. The first one is the use of the matrix M and the vector Φ
stated in Step 3 of Algorithm 1, which are used to leveling the quantities we
required and then fasten the computations.

The second change is replacing δk in Sections 4.2 and 4.3 by ζk appeared
in Step 4 of the algorithm. This is somehow strange since in general, the
estimates using ζk is poorer than the use of δk (refer to [4; (2.22)]):

ζ´1k ď δ´1k ď λ0.

Hence, we usually do not use ζk to estimate λ0 (refer to [4; Theorem 3.2] for
instance). However, such a replacement is reasonable since in the expression
of δk, one uses double summation, it has complexity OpN2q, but ζk uses only
a single summation, having complexity OpNq. Therefore, the use of ζk saves
much computation time especially for large N .

4.6 The Thomas algorithm

The algorithm goes back to L.H. Thomas (1949), refer to [16] for a short histo-
ry. The algorithm is designed especially for tridiagonal systems. It is famous
since it is an unusual OpNq-algorithm (see [12]). Nevertheless, it is not sur-
prising that the algorithm may not be stable, such as when the matrix is
symmetric positive definite, as pointed in [13]. Very fortunately, even though
our Qsym is symmetric positive definite, but we can still use the algorithm
without trouble since at each step of the iterations, it keeps us in the safe
region. See [11] for more details.

4.7 Proof of Algorithm 12

From [11; Proof of Algorithm 29], we have pQ “MQM´1, where

pQ“

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

0 0 0
b0 ´pa1 ` b0q a1

b1 ´pa2 ` b1q a2
. . .

. . .
. . .

. . .
. . . aN´1

bN´1 ´paN ` bN´1q

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

.
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Then pQ and Q have the same spectrum. By removing the first row and the
first column of pQ, we obtain a matrix on E1:

pQ1“

¨

˚

˚

˚

˚

˚

˚

˝

´pa1 ` b0q a1
b1 ´pa2 ` b1q a2

. . .
. . .

. . .
. . .

. . . aN´1
bN´1 ´paN ` bN´1q

˛

‹

‹

‹

‹

‹

‹

‚

.

Now, the spectrum of Q ignoring the trivial eigenvalue 0 coincides with the
spectrum of pQ1. The sub-minimal eigenvalue of´Q coincides with the minimal
eigenvalue of ´ pQ1. Applying Algorithm 1 to the matrix pQ1, we get Algorithm
12. Here, we prove the assertion about the sub-maximal eigenvector in Al-
gorithm 12. Let pz, vsymq be the output from the last iteration in Step 4 of
Algorithm 12. Note that we develop Algorithm 12 as follows:

pQ1 „ pâk,´ĉk, b̂kq ÝÑ rQ „ pãk,´c̃k, b̃kq ÝÑ Qsym „ pasymk ,´csymk , bsymk q.

Following the proof given in the last part of §4.4 with

hk
?
µ̃k
“
b̃1 ¨ ¨ ¨ b̃k´1

b̂1 ¨ ¨ ¨ b̂k´1

d

ã2 ¨ ¨ ¨ ãk

b̃1 ¨ ¨ ¨ b̃k´1
“

d

b1 ¨ ¨ ¨ bk´1
a1 ¨ ¨ ¨ ak´1

, k ě 2.

it follows that the eigenvector of pQ1 corresponding to λ1 is

ĝ « diagpd1qvsym,

where diagpd1q is a diagonal matrix on E1 having diagonal elements pd1kq:

d11 “ 1, d1k “

d

b1 ¨ ¨ ¨ bk´1
a1 ¨ ¨ ¨ ak´1

, k P E1zt1u.

Thus, the eigenvector of pQ corresponding to λ1 is g:

g0 “ 0, g|E1 “ ĝ « diagpd1qvsym.

Combining with pQ “MQM´1, we get the eigenvector of Q corresponding to
λ1 is M´1g.

To conclude this paper, we make two remarks. First, even though we
concentrate on tridiagonal matrix here, there are some ways to extend it to the
general one, as did in [7; Appendix of §3 or §4], except the general Hermitizable
matrices mentioned above. Next, we also have the global algorithms presented
in [9] to deal with general matrices, especially for those having nonnegative
off-diagonal elements. Here is a very simple example to show the importance
of the last algorithms.
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Example 20 Study the maximal eigenpair of the matrix

A “ pakjq, akj “
`

2k^j ´ 1
˘

2´j , 1 ď k, j ď N.

Here we adopt three different approaches.

(a) By using the package ‘Eigensystem’ in Mathematica (version 10.03 or
11.03) on PC, it works well up to N “ 11. Starting from N “ 12, the
output of the components of the vector have different sign. Since A is
positive, this is clearly impossible by the well-known Perron-Frobenius
theorem.

(b) Next, we use the package ‘eig’ in MatLab, the similar result appears.
Starting from N “ 173, the output of the components of the vector have
different sign.

(c) However, when we use [9; Algorithm 5], it is well done up to N “ 7000.

We do not go further since, at which, the outputs become stable.
Hopefully, this paper proves the value of the algorithms developed in [7-11].
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