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 x1 = (x
(1)
1 , x

(2)
1 , · · · , x(d)
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�}℄ 
e�A�6
An = (a

(n)
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�VA}$,E E = {i, j, k, · · · } t� (OH�Z) �A�i�� i r=���Z t ^a� j �`nN{ pij(t). 1W
��z pij(t) ≥ 0 F∑

j∈E pij(t) = 1. =℄"��,N{ qij = p′ij(t)|t=0. 1m�6 Q = (qij) _zk�℄��K�J6k(�<JZ (qij ≥ 0, i 6= j) :>�{℄ (
∑

j qij = 0). x&℄�KK> Q qv}_A/T 1{ 0, H Q1 = 0 = 0 · 1, H�6 Q z4CP7A λ0 = 0. e_X�
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d�zU`;�B>�A$��v��
Ptw}GX�Jktw2�U/^�#5_��KQL?� Springer r�US+Q
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Tweedie (1993), K. Hamza � F. C. Klebaner (1995), G. Kersting � F. C. Klebaner (1995) �QH�='�Y� D. A. Dawson, S. Feng� X. G. ZhengQ
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���}v�Qy���+)C
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� Davison I,
(1968)[12]. Bz1℄I
oLEsr�
J0�v�QQ
H��
P���� �t ~ 	 r � �x v��xx`nq��v,JF=FJ"�℄5iXQ
f���_
1PiXdD��{9�U�`nH��=F,JL=�qvd�)�8U�1GD�hhImQ�f��

1. Atiyah–Singere��)��T>�
1��I� 7,J�Q�f�?℄� 1984  

J. M. Bismut prU℄P`n<��D�<�v�DÆG='A7� Malliavin Calculus. m{v`nH��<r1m�)C
|��`nJv��r
���}D�`n,�
S &

E. Getzler(1986) prU℄m℄��o�L�<��S��� “A short proof of the Atiyah–Singer

index theorems”, y 7 Z�zU1{℄2�<�
=��Y��LuU�m|
 Bismut �<��℄b�zXA�uq
Gw�`nv�℄bA�R"���
2. [K_Y� Hörmander �)�t�BR�� Malliavin Calculus E�eK℄P	P}`n*Zt�xL� Sobolev �-�Cq�P. Malliavin(1976) Bp� ℄b���e|u�Q9<�(� PDE L�℄Y�)C
H Hörmander )C����Yb�
<pi0 PDE z�-t�|H/xF8bQH�='
Jk Kusuoka–Stroock(1985) ��
3. L9�TY��� Krylov–Safonov � �1980  B���1m|M
6J(�Hi℄���r-�Jk_ [11]. ?_1℄s��GdzL�<�
�F� �v`nH�=$��

N. V. Krylov +b�℄�[
�`nJT
D64q�iCqzq+�x%�
4. �\Dbd� �t�dh�v�Q� λ1, F�� ℄ (J℄) P7A�bW��SY�v}'�*Z>
=t�xL>d��	t
pmH�.zU���~'�`��4��℄m2Jd��m℄��M=��� l<pH6 (S"M=):

Q =

(
−b b
a −a

)
, a, b > 0.4CP7A λ0 = 0.  ℄P7A λ1 = a+ b, F�SmP, a � b ?��1� λ1 z�����
D��℄mP,%�
 λ1 .%��`��uG�j℄F
��p"M=�

Q =




−b0 b0 0
a1 −(a1 + b1) b1
0 a2 −a2


y7m9P, b0, b1, a1 � a2. |�

λ1 =
1

2

[
a1 + a2 + b0 + b1 −

√
(a1 − a2 + b0 − b1)2 + 4a1b1

]
,|� λ1 �}P, (Jk2 a1) ��&��|zU����Dr7{� λ1 �

� a1 ��℄"�4�2℄"����	Pp�Jd����:��N$.�6 (p6k6): qi,i+1 = i + 1 (i ≥ 0), qi,i−1 =

2i (i ≥ 1), qii = −qi,i+1 − qi,i−1, =F� qij = 0. |� λ1 = 1. m#l qi,i+1 D-
� qi,i−1 _{
2i+ 1.1, Hq2y-
�{ λ1 8f 2. )q�P7�,Yx℄p8.
8f<p8.
�$_
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λ1 �}P,�80D{�d���P7A�SNBX�
=Q
�ÆD.�jf�r
6}dh� Q, X,r λ1 ��℄A�|zBv�
D�p5|M�����,bQh℄�I�H��uq
m{1H��uqmo8�zp+���$ [2],

[3] � [25]. 1p+$.+U)�8�0VNq ℄P7A�S�=L ℄+4�EU�� 20000P �%�P7A|M�I�J�y
(S���D�,A M. Kac e “��\r}�=_w�” {S�[
q��,���vI�P7=rP7A�|w��} l|O`Ay
=���Xv�pmI�T�
=�}, d, �� D � Ricci Un�v K. ℄}M= K = 0, f}R� K > 0, /U*Z K < 0. ���v�v1pmI�T|M
=t6�>d ℄P7A��v���DKtv|M
F)6jf℄5����v|M:R
��YD�KK℄5[
|M� ℄ms��\D8 40  Gx A. Lichnerowicz(1958) B����
λ1 ≥ d

d− 1
K, K > 0, (2)v�SmI�T d � K. 1�℄mw~s�
m{6}f}*Z���R�
F��℄���� 28  ?&
||MLx P. Bérard, G. Besson � S. Gallot(1985) GL�_~{

λ1 ≥ dK

d− 1

{ ∫ π/2

0
cosd−1 u du

∫ D/2

0
cosd−1 u du

}2/d

, K ≥ d− 1. (3)� K = 0 �
S0��4��� �����℄.QX~'(} P. Li � S. T. Yau(1980). D��r
λ1 ≥ π2

2D2
, K ≥ 0.G0�v�SD�
� Cheeger D�
 (1970), &0�vQ0|MH��SPH�&7.z℄�X�qv�&℄|MxNTO — U!Q (1984) _~{

λ1 ≥ π2

D2
, K ≥ 0, (4)�℄Un���mw��}ZUnM=
z Li–Yau(1980) |M

λ1 ≥ exp
(
− 1−

√
1− 4D2K(d− 1)

)

D2(d− 1)
, K ≤ 0.x1m=�
Y$d�r7ZUnM=XuD�8
1�I�t__����&�~℄F='zO�Y (1991):

λ1 ≥ π2

D2
+K, K ≤ 0; (5)U!Q (1989) �VH (1991),

λ1 ≥





π2

D2
e−α/2, d ≥ 5;

π2

2D2
e−α′/2, 2 ≤ d ≤ 4.

(6)|w α = D
√

−K(d− 1), α′ = D
√
−K((d− 1) ∨ 2). U� (1989) �1℄|Md{QfaIV�



7`�et�℄Xxxd�$e�r
I�t�} ℄P7A�Q
d)�o8��61WQ
����_�
b�4��p5�{�mq l1m(S�-A�{UQ
�zi*qv�	PLd�
�)8>{ (&�f~℄Fxx). �v�I�JT�GM,u��H��&7=$vQ
Ld�
B='A7�`nH�Y�{v}Q
I�P7A�
���tS�
[10] �v`nH�
=$U℄m℄�w
���Da)xx1;Z�F8LZFV
:DKK1mw
� xxSm℄�N�

F =� [0,D] tOH���G{9��, f �ZU.

C(r) = coshd−1

(
r

2

√
K

d− 1

)
, r ∈ [0,D],&0�/U�"� d− 1 ~��zU1SmN�
7$6rk�℄�w
�

λ1 ≥ sup
f∈F

inf
r∈(0,D)

4f(r)
∫ r

0
C(s)−1 ds

∫ D

s
C(u)f(u) du

.b:1G�}�, f ∈ F Vt℄v
m:6}℄�T�, f , DXDI�g
.$e��℄mD2��v�JkV4C� f ≡ 1, B�r�|M�I�tY�J4C���1mhjh
|w
��℄P8Lw
��S��`�}
1Pv}�v|M�w

 G�~z��6.tv|M z��#�D�D2w

$_7?Df�{Ct|w
�4M
DCfF_~v}k�q��,�
f(r) = sin(βr), sin(αr), sin(βr), coshd−1(αr) sin(βr),|w β =

π

2D
, α =

1

2

√
|K|
d− 1

, 7$�rk�7m|M�
λ1 ≥ π2

D2
+max

{ π

4d
, 1− 2

π

}
K, K ≥ 0. (7)

λ1 ≥ dK

d− 1

{
1− cosd [αD]

}−1
, K ≥ 0. (8)

λ1 ≥ π2

D2
+
(π
2
− 1
)
K, K ≤ 0. (9)

λ1 ≥ π2

D2

√
1− 2D2K

π4
cosh1−d [αD] , K ≤ 0. (10)�G�BX��oPmw|M.m
#_z (7) w} (4), (9) w} (5), (10) w} (6). m K > 0�
 αD ≤ π/2, � (8) w} (2). 4$e<� (8) w} (3). 1W
G�B)�oPmw|M.��U_~�E>{V�15|M
I�JT&YrU�7� �[8&M�q�Br
Bv�<�H�reGoZDb���G{C
��4D>t)w
�J`n<��|n
9H��z9;hj
D}�v}|
=
Y�v}J|
=�D}�v}OH*Z
Y�v}Bq*Z�D}�v}z'}*Z
Y�v}	'}*Z��}
���tS��6I��L��v�Q�:�|M�6, Sobolev _,|M��W8Q
f�
NP g�$h [8]. s�5
tS��}1SmD�
�TfK�+)V�QX~'�1.uq�℄~#Ærb�_2� “,Jt�~d” � “,J�8U�”. SmN�U℄mw

J_℄r
|zj�
0�+�� “℄P`nH�” � “ AyI�� ℄P7A|M”, S0)��{�
\r?�j�U℄A
1?Z�x�N�
�D�℄�d��{_�����℄H�
1CX`;�B>�`℄H�
Y2�"JQ
��b(_�����,J�='���oZ
V����1GBh�Q
H/
8 �|zb�s ���dhUpmS��`n��L
`n�M>A"J
`n�I��L����hh



8 � �t ~ 	 � }1mS���
|wTQhI"�
1. -g�/�℄��h
F�`nq�TdÆC)s��℄Æ��m{TdÆC�+K�Ji5�
F�y
�`nqzbq+�T?
eG}`nq� Kolmogorov wC�
dD�v�:J�8,Ju�.z��Db
k1G��+u�?℄� C∗ �,�4z�TdÆCr=
x R. L. Hudson � K. R. Parthasarathy(1983) Bn~�Td�ABL�1℄℄Sdx&0r�U℄[�Td`n�Gdz℄=D2�5

YX�'U�x L. Accardi �bBY5��Edr�U��?8��}1H/
�
J0i�e (D�G�h�Iuq), d��zf��
2. <.)0(Percolation). �-`_:?�,J�S�<a “f}=):|�}t�”(;1B) “�2D�p”) 7�
1G���T�w~,J�S�9m{�<℄�
Lz$�f{Q
=F�S��+u���1mhjth
1�℄m���Q
H/�$�
F�`nv�,JÆCJv��z�H/�_B� Cornell �J� H. Kesten, Dr�U℄[ [18]. �}1H/
�
J0+� (D�G�~
uq), d��zf��4��℄��<KA�
a) }3X� l d (≥ 2) }8" Z

d. S|\"zf℄Y4�W)}Y4/K�e`n
p (1 ≥ p ≥ 0)“�”, �_Y�/K�e`n 1 − p“0”. ���41GOoA7�.(d{℄Yj
=`0)j{℄jB"�4�Y,����:���Tz℄Y “j/	P�j�jf,0
1�=���y��WL��
”. �_
� p = 1 �
Bz�4.�b
j/	P�j�8�� p = 0 �
Bz�4.0b
|zj/	P�j��S��6}=F p, �Te`n 1 ��j/	P�j�$_
1G�W|��S.�jf2Lu��	t
1�℄mJ_q��`n�S�#_
 p ��
�jf�
���℄mm2A
n[vA
N{ pc. �{
��jfIr7 pc =

1
2 , ��N�� p > 1

2 �
iz℄Yj/	P�j�� p < 1
2 �
$D>
��j/	P�j�`n{ 0. D�
��H&|&h��<} (d = 2) M=�

b) 	3X�Wk���t)�<vF_℄�
� “4” _{ “"”. H}"/K�e`n
p“�”(:e`n 1− p“0”). k|\S".�
$d|4��}�$kt)j�j�RrbW��S�bW�
��$)j[v" pc. 6}<}M=
1m"�<� pc �8w���$�HIr pc >

1
2 (�4�<.m), �1m pc 
��}8w$�℄mG{~�t���S�17R℄�
k�,r�℄t
Y9℄�	,�qv�~℄F
k�� d = 2 5f d ≥ 3, �{	q�4�<>"�<
=[vA.�~>�
�G}>�℄m�`�Fy�1W
��d�r�TxxU$��a��Q
H/L�℄m “2”�S�

3. #�j℄Q8+gRG�℄d{Ld�
�1���XbQxx�℄m`n�ÆC�iXJ"� X�G�dh��S"M=� E = {−1,+1}. | a, b > 0,

Q =

(
−b b
a −a

)
, λ1 = a+ b.x Q �r^a`n�6

P (t) =
(
pij(t)

)
= etQ =

1

a+ b

(
a+ be−λ1t b[1− e−λ1t]
a[1− e−λ1t] b+ ae−λ1t

)
.Æ t → ∞, �r

P (t) →
(
π
π

)
=

(
π−1, π+1

π−1, π+1

)
,=L π−1 =

a

a+ b
, π+1 =

b

a+ b
. ��Y&2�1m π = (π−1, π+1) xkHi
πj =

∑

i

πipij(t), t ≥ 0, j ∈ E.



9{H=Æ� π r=
�i��& t �`nLE�|
=�
LE π � t 	�
�d{ 5N��, �ÆCtd{ 5�C. x15Nq
�rk�sq�
a) 4 J π ��Jz℄�
b) �P}4 J�=0{ e−λ1t.uGj℄F
 lz'hB*Z�� {−1, +1} 5f E = {−1, +1}S(S z'). �{t)SYsq__fK��uGj℄F
 l	' ($,) hB*Z E = {−1, +1}Zd

. ℄�Ctk�� l4�t�8"
}℄"tI℄{�d
Fz9�ZD?L�8m4��=℄m[{U���B�:��+�S���[{U$*{0
H� “	G” 8{ “zG”. 1℄{0�inp U~. )8$0ww$_�0�℄0��0�� 100◦C �D0
.�)8�)8Q
�XA�&>�
b�H�)8�$�
��v x = (xu : u ∈ Z
d) 7=Æ E L�"
� u ∈ Z

d d{�I>r<� x � uw�ADV ±1 SmA�p) x ∈ E � u ∈ Z
d, N ux { E L�℄"
F� x �\?D� u w8��H (ux)v = xv, k v 6= u; : (ux)u = −xu. t���&v�6 Q = (qij) =Æ�
�='=n
H� i → j(6= i) �=n{ qij . _&xF�) ^ P (t) = etQ. ��G�M0�
^a=n

c(u, x) V{
x → ux : ^a=n c(u, x) = exp

[
− β

∑
v:|u−v|=1 xuxv

]
,|w β > 0 d{ ÆM�. ��D l=FH
�^a�1PV�D��7�
:z=ÆChj��V� ��6 Q (m|�*Z E D$,), ���v>d

Ωf(x) =
∑

u∈Zd

c(u, x)
[
f(ux)− f(x)

]
.x|r=
$�r ^ P (t), =
t6f P (t) = etΩ. ~:z4 J π:

π = πP (t), t ≥ 0.� d = 1 �
4 J__z℄��� d ≥ 2 �
r$U�LzW�$0���[vA β
(d)
c , ��k β < β

(d)
c (< ∞), $4 Jz℄�k β > β
(d)
c (> 0), $4 JJz℄�1prU)8�℄P,J&.�8�G�B2
z'} (Hz'hB) *Zt4 Jz℄
m:	)8�12���D�DXQ
	P}�t)Jd�
MÆC�#<�<
np Ising �< (1925), �}℄+
MÆClJ.Xh��
�_
�v��ÆC�R���}<}M=
[vAdx L. Onsager(1944) )r�

β(2)
c =

1

2
log(1 +

√
2) ≈ 0.44.A�℄R��E:��U5# (1952) &zqrx%�� d ≥ 3 �
 β

(d)
c \�~>�
1�,Jv�ÆCJv9;Ut��#�S��_
,Jt�;W�DoZ�}℄)15[vA
4�}F��\T9Cq�9H��QX<n�ÆCJTQ

MÆC�_vH��B� “aMJD'”. 1rt)h�Db�&0Bv��$�� “i*qvLd�
”(℄d{ “Ld�
”) �,J�R� 1965  
 R. L. Dobrushin �v`nqu�
Pk<�Uf} Ising �<)8������|��U “�A^” F=u�J" “i*qv	PLd�
”. G0�	J�
&0�-J� (H�z�Z t). p�8 7
��℄�/[
,JT�&M
=fUtzLd�
��A^��
Cq�b�i�
U-MJD'��AxK (>�A3
) L��A�i�fLd�<�R8J"L=�Q
_��℄=,��Q
5
��dr�U℄/is�q[�Jk T. M. Liggett[19] 
 R. Durrett[13] 
P�
 [24] �
��� [4] � [5]. �}�A^
$z H. O. Georgii [14]. 	
�
1�$�,J�Æ



10CQ9:��℄m=1_�
Y��G,JÆC�`nq�mQX�Y
='H/?℄�1DX�7AA “J. of Statistical Physics” � “Communications in Mathematical Physics” SP�F7$�r
sDv2`nq�FU�k��	Y�℄mo<� (1) m�Iy,JT�9I(}~.z1H��℄2�$h (k Dobrushin, Fröhlich, Sinai � Varadhan �); =L Dobrushin �$hS�� “q{`nq℄mL=�
MMJ”. ty`nqH�� 45 LN$hz 3/5 (+_�� (2) p
 “$7,J"J�” fKDÆ (1993), H�!U{;  � “`n�)8” �℄S;-� (3) 1996  7 �x~
,J9�9Y47Y!�';`nJ3
 6 m$hbLz 3 b(+_��1SJ"�=!�q�
�)UF�e}1)z��G��172℄�
G�Bh���i<>�
zS.�v�℄�v�Q
<�7e
MÆC� Gibbs LE�Ld�
�Q
$_Y9k Dobrushin B2� “℄H�
1Gzmb,JCq��k
z℄5,Jf��2���`℄H�
1Gzb~t��S�sV���” Ld�
��b?w�	5G�YX��}FzI8�~t��QX�S���d���
�8Ld�
�<.zSmT��4 Jz℄T��Jz℄T��1ST���,$D�℄W�1Gv�tk;4H�
R� “?W�T^TT)8
D?�T^omDb”. {<�)8����
�CX46�U�<
�vDb�������<�p� �&M
d=fmbQXCq
=Lm��℄PH��� ℄P7A|M��z℄�T�
 λ1 > 0:�Jz℄T� λ1 = 0. 1W
`�|M λ1 �9i0{℄
$&.)8�1��Q
 λ1 |M�mq�-A��
�}Ld�
�Q
YXEL}	P}Eq4q�i
F7Æ}�{
MÆCLJ_;��J4 �
:�e Ising �<{�=�4 J
MÆCq+Db���

1℄Q
H/m �xP�
Rr� (1980). T?}
nuq�YXP7�_J*ZJ|:J�i℄�D$�
Ld�
�Q
Lm�+� Liggett z!)CD�v�
���~prUt)J4 
MÆC�#<�<�z!)C
�Æ
{ “Eq4q�i”. 15uqY9�
Q
y�H�
(_�Y) �=1�� W. D. Ding �R. Durrett � T. M. Liggett (1990), C. Neuhauser (1990) � T.

S. Mountford (1992) �q�L
nvU
�1H���0q�
��t)�i�z!d{�
�z!���8 7
&zI�J0Mf_~1.f���~=+K~F�
n&zb�℄[LeJ<?
\oZ�%�$_=�0�
�}Eq4q�i�;H�f�Yw}_ ���Bv�u�__�y�H���15uqL
m�:��
B,�� “z'�Yb” � “ ^� Lipschitz OHYb”, �Eq4q�iF=4�^�<�dzQ
.Xv���
�PU|.Q
�4z'r(�M 9�;2~�℄�/J0�eeR��'r(�pb�q�
<�U�$��Yb�
Eq4q�ii;H�1mQXf��ÆChj�}�Eq4q�i+KtD$� (HJ4 ). �}|H/�< 7�Q
f�
$P g)$h [9]. 4qBr
�x9� Varadhan � Papanicolou ��* [15],  d� Hydrodynamical limit H�}�1nv�
q

���ReQ�F�4�}O�JQ
V�w~f� [27]. �
��
Cq�
UMJ�,JCq�H�
P?�xtw2�
hB_��Q
EU�}b�i�v��i���Cq�Q

.dqrU℄/zOT�uq
�|D�℄℄X��Ld�
(}	P}�,J�m{�	P}
F8z'}�,Ju�vDt
8�D{[��z5b��1G[?�
�Cq�=	
	P},JD{P[8N
f7H�=f0z'},J�{ “o8” �Cq
+)15Cq�
�Y9D=B8�`℄H�
{Q
	P}
Y��b�XM,9H��9u��q{℄mJ<
��xx
4. �/%(^k��
�8i�q�`nq (>	8�,q) G
��&h�oP�P��6})j�`n*Z (Ω,F ,P) t��A8TGX ξn, ��zk�oP�P��



11

o�P_`n�PLp (p ≥ 1) �P
a.s. �P ��PF�?Z���ktfBÆ�1G
��PYd{_LE�P
kd> ξn �LE��P}��A8T ξ �LE
$|���PY��X}o�PU�&0�X}
6}}℄zvOH�, f ,

∫
fdPn →

∫
fdP, n → ∞,|w Pn � P LE� ξn � ξ �LE�15�P�?Z
z℄QX\?���P�o�PD_9}P <Y (Ω,F ,P), :=F�P�$Pk_9}|<Y (B�`n*Z
��℄P r<�
). k�)P <Y
�{ a.s. �P�PkH}o�P�E?
md>LE Pn o�P} P ,�{z℄[
)C4R���i$ez!r℄m`n*Z (Ω′,F ′,P′) F=t��A8T ξ′n �

ξ′, �� ξ′n zLE Pn, ξ zLE P , :J� (Ω′,F ′,P′) t
 ξ′n a.s. �P} ξ′. 1�fLDaeB=Æ������1W
��� (HD_9}P <Y) ��"7�
&�17P�P�.��X��5�12
k���XM,℄PDb��D_9}r<<Y��B
�{e_9,�XM, Lp �P�?8Æ�e�'} p = 1 �U�8i L1 �B�)j
‖ξ1 − ξ2‖L1 = E |ξ1 − ξ2| =

∫
|x1 − x2| P̃ (dx1, dx2)|w P̃ � ξ1 � ξ2 �N�LE�m� ξk �LEN{ Pk (k = 1, 2), �{ P̃ �d{ P1 � P2 �k�(coupling). 6}p)� P1 � P2, ���8�y� P̃ , 5R?
t
{H4|zlBP <Y�{3�1℄"
_)j

W (P1, P2) = inf
P̃

∫
|x1 − x2| P̃ (dx1, dx2), (11)|w P̃ -; P1 � P2 �℄Iy�
��7�r P1 � P2 �℄P�B W (P1, P2), d{ Wasser-

stein(1969)%(. =	1℄�B$e`3��� ��Gt℄�R
m:zIPDb�
d���DX�F��_
��$e�t��`0 |x1 − x2| _{d℄�B�,
℄I-W�X��1℄�B�w"
V ξ1 ∈ R
d, =LE{ P1. �V ξ2 = ξ1 + a, a ∈ R

d, H ξ2 � ξ1 �4a��{f< W (P1, P2) = |a|, HLE� W �B��}4a�`0�$_1P�B"�bQX�I�����_
�℄�>rSmLE P1 � P2 ��B�D�1{jf��_:
x)j (11) 
>
d�y� P̃ e-pr W (P1, P2) �tv|M�6}F8qv72
tv|M�{U (P?6}�P� W (Pn, P ) → 0). {|
��I#y� P̃ , $__�I	$>��x|Y$e�ry�H��`n�B?Z�|�N��y���{���$eprk�℄�)j�p)℄m$V*Z (E,E ) t�`nV0 P1 �
P2, B� P1 � P2 �℄my� P̃ , ��hB*Z (E2,E 2) t�℄m`nV0
xkk�� }`Y:

P̃ (A× E) = P1(A),

P̃ (E ×A) = P2(A), A ∈ E .6}p)� (E,E ) t�^a`n�, p(t, x,A), � t � x �)�
 p(t, x, ·) �℄`nV0�1W
6}�)� t, x � y, ��$)j p(t, x, ·) � p(t, y, ·) �y�
~:)jF�� Wasserstein



12�B�$�
1W�)j|z8wvw
m{ p(t, x, ·) I(.�|z#
=Æ�����p��
 l�i�	P2>d�y� (Hv�y�). 4�e�6M=
2�℄��U�,��G�dh�
6} Q = (qij), qij =Æ�i�_J i Z� j (6= i) �=0���$e℄��=f
i → j (6= i) =n qij .$�
B�y�
��Xz!hB*Z E2 t��6�fv�66���uDU
�vt)=Æ$�Ljf�* 1 (�
k�). � i1 6= i2 �
V

(i1, i2) → (j1, i2) =n qi1j1 (j1 6= i1)

→ (i1, j2) =n qi2j2 (j2 6= i2)T$
V
(i, i) → (j, j) =n qij (j 6= i).|J� ℄>=Æ
#ly��i� 2 mLTD-
 1 LTe=n qi1j1 � i1 Z� j1 6= i1. <>�hj?8�15�BSLT�r="Db (i1 6= i2) �M=�kr=")b
$`SLT℄AZ�U
19�t)��>�6}&��Jd
1 p>�℄W�m:pXD6����1my�Æ
{ “ \"f7” y�
m{SLT)�?G
ojo�j (/K), :�)��℄&��
�zUyb��;�j�* 2 (6�ik�). | E = {0, 1, 2, · · · }.

(i1, i2) → (i1 + k, i2 + k)

→ (i1 + k, i2)

→ (i1, i2 + k)

=n qi1,i1+k ∧ qi2,i2+k=n (qi1,i1+k − qi2,i2+k)
+=n (qi2,i2+k − qi1,i1+k)
+,|w�) qii = 0, qij = 0 m j < 0.|y���`� ℄>
F�hj��SLT�$�#l�r=�)b��B�kbG5RR�
℄��� “�Fj” �Æa
)���>~Li��$�#lD�?Z��BD8�zU ℄>?&
&S>$e-6r7
m:�JL��fpX&S>D6��etSmz!L
b�8w$ed"�$�`nq (�A�i) ���
℄P�H�`n����1mhjt
̀ nqso�}I��6}p6k6
+KtxSX�<�)�qi,i+1 = bi > 0,

qi,i−1 = ai > 0. 6k(�}1SX��E��61PP#M=
��4z`℄Py��* 3 (Æ;k�). k i2 = i1 + 1, V
(i1, i2) → (i1 − 1, i2 + 1),

→ (i1 + 1, i2),

→ (i1, i2 − 1),

=n ai1 ∧ bi2=n bi1=n ai2k i2 ≥ i1 + 2, V
(i1, i2) → (i1 − 1, i2 + 1), =n ai1 ∧ bi2

→ (i1 + 1, i2 − 1), =n bi1 ∧ ai2 .x6d�
$6r i1 > i2 ��=n�
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m{FXSSmLTu�$�!���Hj�_:
 ℄�7S>\�D9_
FXSSLTu)B�5��Hj�1����`�ZD�o"��r(hV��
�F8^�
1Py�\�m�� [7]. 6}=L���
|wD$�+)�D�2�℄��Bz15,�
9�mO,� ℄P7A�v|M8Lw
�YX�B�?_`n�B$`3�� et
y�H�$`3� 1937  �_:
F��;A�='�	
�q�v}�A^�Ld�
�Q
��	t
F�d�&SJ"Q
�mQX�,Ju��`n�B�y�H��<�8 7`nq�mQX�='?℄
=QX�dXd*�TBe

�Jd�6~�I+Q
���+lJ�
��='Uy�Cq
YXzpH�� 1) m  [�S�q+"�H)q}p)�4�	P2>d
y�	P2>d�z!���OH�Z�A�i�y�� ℄Y�+)C
HZ�iy���+)C�15f�Yd*�l Anderson �is�q[ [1]. 2) �`n0T�y�H�SH��Q
s�A7��~,�Uy��L?�w0�℄Pg��=$U℄5h,D��mwv�y��1s+UD'}8\�B�y��Q
_0� 3) s~℄F
t�U�B�}y���L?�w0�S�ety�Q
� “pGU”, s9Uy�Cq
Y�Q
t)m
>d�
=t�:�|M��S�����	t
t)mw|MZG7Æ}mwy��y�H���x
�D�Q
EU�℄�XQ
uq�YX,Ju��+_g)$h [8] F [5]. 9�
+xj�+�7�}mwy������z!V�UQX~'� o | � �
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