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§1. VÇØ�¤Ù�¤�

��VÇØ¤Ù�I�, ùp�Ñn�ø�.

Gauss ø 2006c, F�VÇÆ[ Kiyoshi Itô (�B�: 1915 – 2008)J¼Ä. Carl

Friedrich Gauss (pd) Prize, ù´dISêÆ[é� (IMU)Ú�IêÆ¬éÜ�á�A

^êÆ�ø.

¼øwc: The prize honors his achievements in stochastic analysis, a field of mathe-

matics based essentially on his groundbreaking work.

�[��, ���ÅCþ��{ü��x´Ù²þ���N�ÅÅÄ���. 3��

Å�/, éuÊÏ¼ê b(s), �È©�Ä�úª�Ñ

∫ t

0
b(s)db(s) =

1

2
[b(t)2 − b(0)2].

�eò b(s)�¤ÙK$Ä {B(s)}s>0, KÄ�úªõÑ��:

∫ t

0
B(s)dB(s) =

1

2
[B(t)2 −B(0)2]− 1

2
t.

∗I[g,�ÆÄ7�8 (1OÒ: 11131003!11626245)!��Ü 973�8Úô�p�`³Æ�ï�ó§�8]Ï.

�© 2017c 5� 9FÂ�.
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�c IMUÌR J. Ball�F��Ãòøýx��34�� K. ItôÃ¥

m��1��5
uÙK$Ä��gC�. ù´ Itôu 1942cÄk�Ñ�úª. ¦�CÄ

�uL3F���°h<�êÆ,�þ. � 2006c¼ø, Ïm²{
 64c. ¦é·I�~

lÐ, 1980cc�, Ø=¦�<!
���¦�ÐA �ò5uùÆ. A�`, ·IVÇØ

Uk8U, ¦´õØ�v�. P��c (1983c?)·Qk�Å¬�¦®�ó�, ù���,

¦�·�Ä<�, ·éî#/`, ·�©Ù�õ´¥©. ¦L«é�J, `: �¦þ^=©

�, ±Bu�6, ·ú�\^=©�Ø¬k�õ(J. gd±�, ·��Ü©ÆâÍ�Ñ´

=©
. ¦��·�`L: ·�À�<O�Ü�<@�, ��éo, U�a, ·���Ú�

Ú��Ù.

Abelø 2007c, <Ý¾{IVÇÆ[ Srinivasa S.R. Varadhan (1940 – )J¼Niels

Henrik Abelø (é%�¿Ç).

Srinivasa S.R. Varadhan (1940 – )
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¼øwc: Fundamental contributions to probability theory and in particular for

creating a unified theory of large deviations.

3 1975 – 1983cm, ¦� M.D. Donsker�å, ± “Asymptotic evaluation of certain

Markov process expectations for large time”�oIK, ëYuL
 4��©, C½
� 

�nØ�Ä:, �����~2��A^. {ü/`, � �nØ�8I´�x�êªÂñ

�Âñ�ê. lnØ�JÑ� 2007c¼ø, Ïm²{
 42c.

Varadhanõg�¯·I, �·IÆökéõ� . ·Qu 1984cÂ�¦¤Rx��

cÑ��¶Í5Large Deviations and Applications6. PÁé��´¦Q�·ùå�c¦

� 4 ïÄ)ÓÆ�å|�?Ø��¯�. �~�¯ù
<Ñ¤
����6�Æ[ (·

�¦� 4<¥� 3<� L). 'u¦��õ�¯, �ë���¥ï��5êÆDÂ6¤�

�;� (32ò 1Ï, 2008).

A�`, ùü�ø�Ñ´XVÇ�; e��ø��õáuVÇØ�Ù§Æ����.

Fields ø 3ISêÆ[�¬ (ICM)þ¤�u� Fieldsø, ´øyc�êÆ[ (40

�±e)����ø. 2006c�c, Ò·�¤�, ÃVÇÆö¼dÏJ. g 2006cm©, z

3ÑkVÇÆö¼ø. eL¥ x/4L« 4 ¼ø<¥k x<´VÇ�.

ICMc° VÇÆö¼ø'~

ICM 2006 2.5/4

ICM 2010 2.5/4

ICM 2014 1/4

ù
�¯Ñu)3�C�c, �Nk:Û%, Ï�VÇØ�å
 (XÙÆ)Cké��

{¤. ,
, VÇØ¤�êÆ[x��ª¤
%´é��¯. ùÏm, William Feller�ü

ò�¶Í5An Introduction to Probability Theory and its Application6u�
ã��^.

William Feller (1906 – 1970)’s vivid lecturing at IBM
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XÓ¦õg¤�Ñ�@�, 3¦�Í�¯­�c, VÇØØ3c�é�	, ÿ"�êÆ

.ÊH@�.

Preface to the Third Edition (of Volume 1):

WHEN THIS BOOK WAS FIRST CONCEIVED (MORE THAN 25 YEARS AGO) few

mathematicians outside of the Soviet Union recognized probability as legitimate [Ü{

�, ���] branch of mathematics. . . . . . . 1967

Preface to the First Edition (of Volume 2):

AT THE TIME THE FIRST VOLUME OF THIS BOOK WAS WRITTEN (BETWEEN

1941 AND 1948) the interest in probability was not yet widespread [61; ÊH

�]. . . . . . . 1965

ùü�;ÍÑk¥È�:5VÇØ9ÙA^6. ò 1: �&äÈ;ò 2: x�¸È (P�k

c�k4©�È�). 1966cS, î¬èP�Ò4·gÆ�k)¤È�ò 1�þ�Ü. Feller

�ïÄ¤Jé·�ké�K�. �< 1986cÑ��ïÄ;Í5aL§�âfXÚ6(�®

��Ñ��), Ö¥1 8Ù�IKÒ´ Feller>..

Ù¢, ��VÇØA�l 1933c�å, �c A.N. KolmogorovMï
VÇØ�1�

�únXÚ (�©�); Ù=È (1950 1st ed., 1956 2nd ed.) Ö¶�5Foundations of the

Theory of Probability6. ¥È�5VÇØÄ�Vg6(1952), �Æ;È.

Andrei Nikolaevich Kolmogorov (1903 – 1987)

·�8�,�©�JvU��ù �<, ·Ä�#d��Æ´¦L­�c�� 1988

c.

�­V±5�y�êÆ, �±oÑ/©�c�­V� Hilbertúnz��Ú��­V

� Poincaré£8g,��. éuVÇØ
ó, c����Nþ� 1933 – 1965c. ùÏm/

¤
VÇØ�n�Æ�©|, ùp�ÞA �L5VÇÆ[ (!�¦�).

• 4�nØ. B. Gnedenko and A.N. Kolmogorov (1954); N�è.
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• ²­L§. A.N. Kolmogorov (1941); ôL�.

• ê¼L§. J. Doob (1953); K.L. Chung (1960); E.B. Dynkin (1965); �(% (1965)

�.

XuÛ�k)¤`, N�èk)´¥IVÇÚO�oi-. ¦3ÚO!VÇ4�nØÚê

¼L§�õ�¡ÑkØA��z. �< 1986c'uaL§=£¼ê���5Ò´¦ 1958

c©Ù�UY. ôL�k)Ú�(%k)©O´·I²­L§Úê¼L§�I. ¦�ü 

Ñ´ 1950c�3c�é¼�BÆ¬Æ . �k)���Ò´ Kolmogorov, äN���´

êþ�ù�� Dobrushin.

§2. VÇØ�ÚOÔn���'ß

VÇØ£8g,�I�A�´ R.L. Dobrushin�n�ó�.

• The existence conditions of the configuration integral of the Gibbs distribution, 1964.

• Methods of the theory of probability in statistical physics, 1964, Winter School.

• Existence of a phase transition in the two-dimensional and three-dimensional Ising

models, 1965.

)öéu�c¦�MïVÇØ�ÚOÔn���Æ�—�Å|�~¹�, Ï�ùü

�Æ�.¾�å$�. ·Ø��¦�s¤
õ�c�¹¢. 1988c, ·QÎ¯ Dobrushin,

“\�m©�´ÄÆ
NõÚOÔn? ” v��¦�£�´Ä½�: “·��8I´­#ï

áÚOåÆ�êÆÄ:, Ïd¿ØI��õ�ÔnO�. ” “�,, (A.Ya) Khinchin��þ

f5Mathematical Foundations of Statistical Mechanics6ék�Ï”, “�kI	��
y

�ÔnÆ[��
·�éõ�Ï. ” ��
�, �c Khinchin�¦��þf�´s
õÅ

�. ddé���Æ�D«. c�é�NõêÆ,�, A�zÏÑkVg¦�]�êÆ[

�©Ù. ff���) ItôÍ¶Ø©�h<,�5�I�þêÆ�ë¬6(1934 – 1949)Ñ

®×£���þ [http://www.math.sci.osaka-u.ac.jp/shijodanwakai/]; cÅ=�NõêÆ

,��Xd. ,
, 8U\XJ¯�¯·IêÆX�Æ), kvk<�� “`À{”, £�C

�". ·��&, �ÆD«�Ô�Ø=��
�é�5¬k4�K�. 3� Dobrushin�Ð

l Robert A. Minlos�Ó£�¦��c�{§�, ¦ØÃgÍ/`: “m©�=k��(J

®�, =gdUo�3. ”

1995 – 1997c, ·Ú Dobrushin�Ó|�
düIg,�ÆÄ7]Ï�ïÄ�8, V

�Qkéõ� . ·3#d��Æ�Lügüù. 1997cd Ya. SinaiÌ±. 1988cd

DobrushinÌ±. ·�1��=©;Í�´�cd�öí�Ñ��. �c¢U, ¦�¯Hm

Ú·�� 45U. ·u 12�£�¦. P�¦3XUÈ/p�·�
#d��NõÖA, ï


Ø�Î�©êÆÖ, ,��·��[êe¯Ì�. ¦ép,/w�·, ù´#d��1�[

h<êe. . . . . . 3·�Ì�þ, �é�·é¦���Vg©Ù.

g 1964cVÇØ£8g,��, Ñy
NNõõ#�Æ�©|. ~Xk

• Random fields (1964).
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Roland Lvovich Dobrushin (1929 – 1995)

1988cë*�¢Ú�n)��3K

• Interacting particle systems. R.L. Dobrushin, F. Spitzer (1970), R. Holley, R. Dur-

rett, T.M. Liggett, D.W. Stroock et al.

• Percolation. H. Kesten (1982): Percolation Theory for Mathematicians. Birkhäuser

Verlag, Boston.

• Large deviations, Malliavin calculus, stochastic differential geometry, quantum prob-

ability, Euclidean quantum field theory, free probability, Dirichlet forms, mathemat-

ical finance, stochastic PDE, etc.

Random fields (�Å|)Ú Interacting particle systems (�p�^âfXÚ)´ü�*

~Æ�, cö�mlÑ, �öëY; ùÐ'�©�§��©�§�m�éX. 'u�Å|, k

± Dobrushin�Ä��ÛdÆ�, 'u�p�^âfXÚ, k± Spitzer�Ä�{IÆ�,

ÙÌ�¤
´þ¡ Spitzer9��¤�� 5 . ·l¦�@p��LJu��£ã�ã�

�Ï. A�AO�Ñ�´: l 1981c.� 1983cS, ·k3�¯ Colorado�Æ� Stroock

Ú Holleyü �Ç, � StroockÆS
Malliavin calculusÚ Large deviationsü�f,å

ØÈ�#ïÄ��. £I�3·��?Ø�þù
ëYn�ÆÏ, éu·�Æ�uÐ�)


���K�. �d;��'�kMeasure-valued processes, ù´·�VÇØïÄìè�

Ìô����, 3ISþk±\<� D.A. Dawson�Ä�õIïÄìè.

3 1977c�c, (²;)ÚOÔnïÄ�Ì�´²ï� (¤¢²ï�, k:�ü>K,  

c�N½ ��Ñ1). ;.�´ Ising�.. �� 1978c (�c I. Prigogine¼ Nobelø)

��, ÚOÔn?\�²ï�ïÄ (<N´�²ï�����L; Ø
SÜ�$Ä�	, §

�	ÜkUþ��: Q�¯!q�.). l 1977cm©, 3�®��|�å
�²ïÚOÔ

n�ê!n!zéÜ?Ø�. ·���î¬è�Ç´dïÄ�|�¤
��. Äuù�Ä

:�·3ù�c��·�,� ��ÿ�Í�ÇïÄê��Åó�²{, 1988cg, 3·
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ïÄ)¡ÁcI, îP��·ûþmÐù�#���ïÄ. l@�ÿå, ·�m©�å&?

�²ïÚOÔn�êÆÅ�.

lêÆþù, ²ï�XÚéAug���f. ù�, �²ï�XÚéAu�g���

f. ¯¤±�, ÚOÔn�Ø%�K´�C5�. XY3~§e´��, $§eC��, p

§eCí�. �ïÄù��K, I�ïÄÃ¡�êÆ�., Ï�k��XÚØ�U�)�

C. oÑ/ù, ·��Ã¡�êÆ�.´dÃ¡õ��§|¤��§|. ��§�mk�p

�^, ·�� “Ã¡”¹kAÛ(�. 
ïÄÃ¡��;.Ã{´ÏLk��%C. ,
, =

¦´���/, VÇØ¥Ck��3��5�OOKØ�^, ùÒ�5
î­�]Ô.

VÇØ��²ïÚOÔn��� ·�3d��þó�
 15c.

• k���.)��3��5? l 1978c� 1983c, ²{
 5câ)û.

• �lk��LÞ�Ã¡�, ¦^¿uÐ
ÍÜ (coupling)�{. /¤
ÍÜnÜ­:

ê¼ÍÜ, �`ê¼ÍÜ, ål'uÍÜ�`z.

• �¤
�S5(�Å�'5)�OOK.

• /¤
Ã¡��A*ÑL§ù�;.��²ïXÚ�����nØ, �¤
;Í [3]

�1 IVÜ© (^B�Ñ, ùa�ÅL§´)öu 1985c·¶�).

Ù��uÐ� [4]. ©z [8]Äu� Ö=Æö�ó�, �Ñ)ö 1986c¤uL�Ä��m

þ� QL§��5�rkå�!¢^�¿©^�3lÑ�m�AÏ�/e�´7��.

§3. VÇØ�Ù§êÆ©|���'ß

�C�1��²�A��

�� 1988c, ·�¼G�^1��²�A��5�x�C. Xã¤«, ­�LA��

�", e���, =´�êH{ (�,Ã�C)«�; ­�þ�A���", �3õ�, Ï


´�C
�«�.

��c, ��ù��{�é-Ä. Ï�ïÄÃ¡�êÆ"�óä. ±�k
A��ó

ä, Ò�±�Nõ¯�. �J, ¯���Xd{ü. 4·�l{ü�/m©. �Äné�Ý
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Q =




−b0 b0 0 0 · · ·
a1 −(a1 + b1) b1 0 · · ·
0 a2 −(a2 + b2) b2 · · ·
...

...
. . .

. . .
. . .



,

Ù¥ ai > 0, bi > 0. w� Q1 = 0 = 0 · 1, ùp 1���þ�1���þ. u´k²�A�

�: λ0 = 0. ¯K´: −Q�e��A���Û λ1 = ?

<�~` “¢�Ñý�”, � “3iY¥Æ¬iY”. ·�ú�, ÆêÆ��Ð�{´�

êÆ. ·S.ul�{ü�/m©. ���[��äN�<�, ùpEã�<3 ICM 2002

þ�wL�o�~f (�� [4]).

~ 1 ²��/ (ü:). üëê a, b > 0.

(
−b b

a −a

)
, λ1 = a+ b.

d� λ1 éÐ, §�z�ëê�O\
O\! ,
, ùo¤��ÀÜ=d
®, n:ÒØé


.

~ 2 n:. oëê: b0, b1, a1, a2.




−b0 b0 0

a1 −(a1 + b1) b1

0 a2 −a2


 ,

λ1 = 2−1
[
a1 + a2 + b0 + b1 −

√
(a1 − a2 + b0 − b1)2 + 4a1b1

]
.

~ 3 o:. 8ëê: b0, b1, b2, a1, a2, a3.

λ1 =
D

3
− C

3 · 21/3
+

21/3(3B −D2)

3C
,

Ù¥

D = a1 + a2 + a3 + b0 + b1 + b2,

B = a3 b0 + a2 (a3 + b0) + a3 b1 + b0 b1 + b0 b2 + b1 b2 + a1 (a2 + a3 + b2),

C =
(
A+

√
4 (3B −D2)3 +A2

)1/3
,

A = − 2 a3
1 − 2 a3

2 − 2 a3
3 + 3 a2

3 b0 + 3 a3 b
2
0 − 2 b30 + 3 a2

3 b1 − 12 a3 b0 b1

+ 3 b20 b1 + 3 a3 b
2
1 + 3 b0 b

2
1 − 2 b31 − 6 a2

3 b2 + 6 a3 b0 b2 + 3 b20 b2

+ 6 a3 b1 b2 − 12 b0 b1 b2 + 3 b21 b2 − 6 a3 b
2
2 + 3 b0 b

2
2 + 3 b1 b

2
2 − 2 b32

+ 3 a2
1 (a2 + a3 − 2 b0 − 2 b1 + b2) + 3 a2

2 [a3 + b0 − 2 (b1 + b2)]
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+ 3 a2 [a2
3 + b20 − 2 b21 − b1 b2 − 2 b22 − a3 (4 b0 − 2 b1 + b2) + 2 b0 (b1 + b2)]

+ 3 a1 [a2
2 + a2

3 − 2 b20 − b0 b1 − 2 b21 − a2 (4 a3 − 2 b0 + b1 − 2 b2)

+ 2 b0 b2 + 2 b1 b2 + b22 + 2 a3 (b0 + b1 + b2)].

y3, ù8�ëêéu λ1 ��zÒ��
æ
. ¯¤±�, õuÊ�:�, ÒÃ)Û)
.

Ïd, 3���¹e, vk�"�� λ1�wª)!

e¡=\ λ1��O, ·��	{ü��5�/��Ä.

~ 4 Ã¡né�Ý
 ()«L§).

bi (i > 0) ai (i > 1) λ1 A�¼ê g��

i+ β (β > 0) 2i 1 1

i+ 1 2i+ 3 2 2

i+ 1 2i+ (4 +
√

2 ) 3 3

ùp, A�¼êÑ´õ�ª, Ù�=´ÙÝê. dd~��, ��
ó, ��O λ1 �J! @

ý´ÃÃ�c!rÝÃ´! ¤±·�m©�¯Ù§êÆ©|: Ý
A��O�!©Û!i

ùAÛ�. ·'ud�K�1��©Ù (1991)�éùa)«L§, y²
ùp� λ1 ­Ü

u�êH{5�Ý, 
'u�ö®�kü��²;�., ��Ñ°(� λ1. ��3 1992c,

·�uyiùAÛ'u λ1 ké¤��¤J, quy¦^·��VÇ�{, ��±ïÄÓ�

¯K, ¤±é¯�Ñ¤J. �ý�éAÛ�Ñ�z´3 3c��, uy
�#�C©úª

(��Â�Ü�). 3 2000c, ¦^NÚ©Û¥� HardyØ�ª, ·�Äg�Ñ�)ùp�

né�Ý
����/ λ1�5��OOK. �L5, ·�ý�é HardyØ�ª��z��

� 13c��� 2013c. ddØJ��, �Ï¦ù�¯K�nØ)�, ·�²{
û���

�. 30�nØ(J�c, 4·�ww�#�ê�(J.

3O�êÆp, O�Ý
 (�é�����K)���A�é (A��9¤éA�A�

¼ê)kü«�{.

• �{ (Power iteration). �½ v0, b½§3 g��þ�ÝK� 0, ½Â

vk =
Avk−1

‖Avk−1‖
, zk = v∗kAvk,

d? v∗´ v�=��þ, ‖v‖� v� `2ål;

• RayleighûS� (quotient iteration). �½ (g, λmax(A))�Cq� (v0, z0), ½Â

vk =
(A− zk−1I)−1vk−1

‖(A− zk−1I)−1vk−1‖
, zk = v∗kAvk,

K vk → g� zk → λmax(A).

~ 5 3þã QÝ
¥, � ak+1 = bk = (k + 1)2 ¿� 8dÌé�fÝ
, K¦^�

{I� 990gS�, âU�� 0.525268�°Ý. e¡=^ RayleighS�{. eL�ê�O

�´·��¶a¬) (o�W)¦^MatLab3)P�>Mþ�¤�, §����
·��

�. ¤k�O�Ñ´üÚS��¤, O��mÑØ�L 30¦ (�� [10]).
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Ý
�� z0 z1 z2 = λ0 λ0�þ!e.�'

8 0.523309 0.525268 0.525268 1+10−11

100 0.387333 0.376393 0.376383 1+10−8

500 0.349147 0.338342 0.338329 1+10−7

1 000 0.338027 0.327254 0.32724 1+10−7

5 000 0.319895 0.30855 0.308529 1+10−7

7 500 0.316529 0.304942 0.304918 1+10−7

104 0.31437 0.302586 0.302561 1+10−7

dLL², éu�«�ê�Ý
, $�u�����, ¦^ RayleighS�{l1�Ú

m©, ÑÑ(JÒÑ��
. ù�lL¥�1�1wÑ. @p�O�¢Sþ�31�Ú(

å. ,
, ù«S�{¢Sþ�~�x: 1eÐ� 
��:, Ò�UK\�² (N ��


�Uk N − 1��²). L¥�����´�â1�ÚÑÑ� v2, lnØþ�ÑÙA���

O�þ!e.�', °(Ý�� 10−7. ùØ=`²·��ê1���(J´���, 
�8

 �ê�Ü´°(�. 'ud;K��#?Ð, �3)ö�Ì� (/��©")þé�.

3ùp, '�´·�kp��nØÐ� (v0, z0), Ù¥ z0��

z0 =
7

8
δ−1

1 +
1

8
v∗0(−Q)v0,


m��'���´e¡êþ�ù�� δ−1
1 , §´ λ0 �e.�O, ���ù��O, ·�

¯ké�ÙA��þ��[ v0. �Jùp�u�Ì, ·�ØU���Ñ���wªL�ª.

eã(Jm©u 1988c, �¤u 2010 – 2014cm.

½n 6 (��ª! �� [9]) éuk�½Ã���é�����K�né�Ý
, �©

� 20«�/. 3z�«�¹e, Ñ�3 δ, δ1, δ′1 (,��gk δnÚ δ′n)¦� δn ↓, δ′n ↑
�

(4δ)−1 6 δn
−1 6 λ0 6 δ′n

−1 6 δ−1, n > 1.

d	, 1 6 δ′1
−1/δ1

−1 6 2.

þãê�~f¤^�� δ1 �´ùp� 20«�/¥��«. ù�½néu����ý

	�f��²1. y3, ·�{Ñ!!ý	�f�/d½n�Ü©)�.

�Ä��þ�«m E = (−M,N), M,N 6∞. éu�½����©�f L, k

A��§ : Lg = −λg, g 6= 0.

��Bå�, ½Â?è ‘D’Ú ‘N’,

D: Dirichlet (áÂ)>. g(−M) = 0, N: Neumann (��)>. g′(−M) = 0.

�,, XJM =∞, K g(−M) := lim
M→∞

g(−M). ¦^ùü�?è, �ò>.©�oa. u

´·�ÒkoaA��¯K.

• λNN: 3 −M Ú N ?þ� Neumann>..
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• λDD: 3 −M Ú N ?þ� Dirichlet>..

• λDN: 3 −M Dirichlet
3 N ? Neumann.

• λND: 3 −M Neumann
3 N ? Dirichlet.

��ã·��Ä�½n, �I½Âü�ÿÝ. b�¤�½��f´

L = a(x)
d2

dx2
+ b(x)

d

dx
, a > 0.

· C(x) =
∫ x
θ b/a, Ù¥ θ ∈ (−M,N)�ë�:, ÿÝ dxÑ�Ø�. ¤I�ü�ÿÝ´ µ

Ú ν̂ ©O½Â�
dµ

dx
=

eC

a
,

dν̂

dx
= e−C .

½n 7 (�[7]) éuþão«>.^��z�«#,·�ÑkÚ���O: (4κ#)−1 6

λ# 6 (κ#)−1, Ù¥ µ(α, β) =
∫ β
α dµ,

(
κNN

)−1
= inf

x<y

{
µ(−M,x)−1 + µ(y,N)−1

}
ν̂(x, y)−1,

(
κDD

)−1
= inf

x6y

{
ν̂(−M,x)−1 + ν̂(y,N)−1

}
µ(x, y)−1,

κDN = sup
x∈(−M,N)

ν̂(−M,x)µ(x,N),

κND = sup
x∈(−M,N)

µ(−M,x) ν̂(x,N).

AO/, λ# > 0��=� κ# <∞.

�NØ´�úÒUwÑ5, ù^½n(k{a. Äk, �k�Ïf 4´Ê·�, ��.

Ã'; ¤k~êÑ�^ü�ÿÝ µÚ ν̂ L«Ñ5; cü�~ê'u§��!m>.é¡; o

�~ê�mPk{²�éó{K: XÓ�òü?è ‘D’Ú ‘N’é�, �A�~êL�ª¥�

Iòü�ÿÝ µÚ ν̂ é�; XòÞü�~ê�L�ªm��\��K1��, B��Ñ�

ü�~ê. A�`, ùo�äó¥=kÞü�´#�, �ü�K´C��. ~X1n�, l

Hardy 1920cm©, ùp��Y´��­V��� 1972câé��; 
���cü^, �

Øõq��
 40c. �y²1��äó, ·�¦^
y�VÇØ�n�­�óä: ÍÜ�

{, éóEâÚNÝnØ, ²L 5ÚØyâ�¤�. ÎÃ¦¯, ù�¤J´�©ûB�.

4·�2­E�H, éuþã�né�Ý
�/, (J´��²1�. �`²·�ïÄ

ù�ÌK��©ÄÅ, ·�I��:Ä�Vg. Äk´ L2 �ê­½5. � π�,�ÿ��

þ�VÇÿÝ, L2(π)� π²��È�¢¼ê��N, Ù�êÚSÈ©OP� ‖ · ‖Ú (·, ·).
b½ Lg�Ý: (f, Lg) = (Lf, g). Ù�+�/ªþ�¤ Pt = etL. eªL« L2 �ê­½

5:

‖Ptf − π(f)‖ 6 ‖f − π(f)‖e−εt, π(f) :=

∫
fdπ,

@o, εmax = λNN := λ1. �d;��'�´'u�é���ê­½5.

Ent (Ptf) 6 Ent (f)e−2σt, t > 0,
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d?

Ent (f) := H(µ ‖π) =

∫

E
f log fdπ, e

dµ

dπ
= f.

�{üP, ±�Ò^ σL«¦c�ªf¤á���ö σmax.

·��ïÄ�´ ϕ4 Euclidean quantum field on the lattice. �Ä�f Zd þ
�g^XÚ: Ù|�� {xi ∈ R : i ∈ Zd}. 3z� � i ∈ Zd þ, k�g^, Ù³�

u(xi) = x4
i − βx2

i , �p�^³�;��: H(x) = −2J
∑
〈ij〉

xixj , J, β > 0, 〈ij〉L« Zd þ�

;�>. ù�, ù�Ã¡��ÅL§��f��¤

L =
∑
i∈Zd

[∂ii − (u′(xi) + ∂iH)∂i].

·�± Λ b ZdL Λ� Zd�k�f8. e¡´·��Ì�(J.

½n 8 (� [6]) 'u β � 1, ·�kXe'uk�Ýf ΛÚ>.^� ω���ì?

5�

inf
ΛbZd

inf
ω∈RZd

λβ,J1 (Λ, ω) ≈ inf
ΛbZd

inf
ω∈RZd

σβ,J(Λ, ω) ≈ exp[−β2/4− c log β]− 4dJ,

Ù¥ c ∈ [1, 2]�~ê. ùp�Ì� −β2/4´°(�.

( ) ( ) [ ]

β

0.2 0.4 0.6 0.8

1

2

3

4

r = 2dJ

λβ,r
1 , σβ,r≈ exp

[
−β2/4− c log β

]
− 2r

c = c(β) ∈ [1, 2]

±þù
ó�Ð«
·�3ïÄÃ¡��.¥ÅÚmuÑ��1ïÄÃ¡�êÆ�

­�óä: ÌA���O, éê SobolevØ�ª, ÍÜ�{ÚéóEâ�. Ó�Ð«
VÇ

Ø�ÚOÔn!NÚ©Û!�¼©Û!ÌnØ!O�êÆ�ÃõêÆ©|���'ß. ·�

lÚOÔn�;.�KÑu, »Ã��, Ø�&¢. �Ï¦êÆóä, �¯
õ�êÆÆ�

©|; �L5·���ù
Æ�©|�Ñ
¿�Ø���z. ·��¢�2�gw«Ñê

Æ��N5, w«ÑÆ���'ß�%å.

�� �©�â±e 8gù��n
¤: �®�Æ “êÆ9ÙA^”��Ü­:¢�

¿ 2010c¬ (2010c 12�)!3��Æ (2016c 6�)!�®���Æ1l3`D�Æ)

êÆÛÏg-E (2016c 7�)!oA�Æ (2016c 11�)!ìÀ�Æ (%°) (2016c 12

�)!��Iá�£�Æ (2017c 3�)!��Iá¥��Æ (2017c 4�)Úô����Æ
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(2017c 4�). �ö©%a�©=!Ü²©!���!¸�â!o]!N�°!½�w!

$éf!oï!��Û!��¥Ú�L���Ç�9�±�Ú¦�ü �]Ï.
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Abstract: This is the fourth article on the same topic. The earlier ones are [1], [2], [5]. Here, a brief

introduction to a number of landmark events in a decade, which indicates that the probability theory has

been moving to mature, becomes a normal branch of mathematics. We introduce this relatively young

mathematics disciplines of the growth bit. And then combined with personal experience, focusing on the

cross-penetration and typical results of probability theory with statistical physics and other disciplines

branch of mathematics in the past decade. This article is not subject review, but only hope that through

one or two sides, showing the development and progress of probability theory.
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